irlm mElrices srevery jmportsn? ond usety/
| inesr w\i; w\\\ 1e$ ?\.s:.\n \?ua\ h.?:.?wmﬁl
vectorszaces. We will define wheTiTmedns

.ﬁ:‘ V b be & veelor w\m\u wilA uQ\:‘u \“..

J. the axioms N wcaew.r \w.&v&«\«\ \.\ %&
aﬂ«ﬂv.?osm + .v:L 1\ and Aﬂ.os w € E..Q \an
1&.&:? .ﬁ..t.n ..m.e«. v:\ <m2¢1.« dce, <¢\~.\ )N
an mxv!\\«. This is how the use o f

@(wﬁﬂ@w&-.—or _Qmm us more xb-eﬁc\ o*
understond; 4 examples st once

man
.%m.w mw.mww m.mw\vxm? ecr\\& QR o €)
with eperdtions + ovd * , ond speciol iden
1«1«’\4“ O ond ..—» e&«» (n .M»n wwm\w“.w%\




N.m...m. Aset V iscalled 4 vecTor

whengpThere is an ..&\..%T«:M*M\M ¢ ort 157
t+:VoeV2V N&&...n of \ under +N thoT /s,
RAM ¢V, dv=v*tV: eV orawr.\ The dxioms
below; () Therwe is s “scalor xi.?.\.\m?#.?:es "/

: ”\u%<|w< mn?nswn of <:s\3\.v\ .mﬁv.\..,n\
Y ¢F, (qm& 3=V eV ornv:.d YLY r«\.e\.
Axioms =) (v, #V2)#V5 = ViR 03) (assec. oF + x
@ Vv, tVy =V tV, N\o!!s}ds..x\ of + in 6
() 36:6,¢V, VveV, vib=v (Tdon.elt.or )
A2 m._\. d-v eV st d.ié.vum \Lh.&men m..c»s&v

VoF YV, eV, o (VHR) =p-t) )t -3




& Y b €F, VeV, («t) v =) yl88
@ (%.\}.m\sﬂ\ <.\.m<\ o«..\&u.c-v n\&..xb.(l

(O VveV, 1-v=V.
-~ -
Th. F »sme the set of s/l mxn
.“.IWN,..?..MMV i...ﬁr Nrd..\.mu .31-.3 |ﬂ.~«\& \Hu ms
15 9 4««.?1 dre over F w "Th + wm

* 3 sedlsr §s\~..s%\§v,~n§a

:&.?.x sddition,
snd Zero vector” © =00 .ﬁrm mxn 5.&5

wils all entries O eF
Pf. Exercise srd jus
of + ond + for \u: .

t the definions



mxw!“\a. %ot \o \ss rove axiom @..smﬁ

Let lu?&.w\ muT....\. ) muﬁm‘..\q m\ﬂ.ﬂ .d&.x

(A+B)*C = [s e [e] = [(47h) 16 | ond
Ae(8+0) = [aaTHfbiren)] = [ai+ (b )

|l Y ]V L
Becaase + i field F is &22.»#&2?.«:»
1L5€m, pw\.»s we hove

/

mb&..«w&y#m&. = s...s.*\r.v.*ﬂ..,\.‘v m.\n.\ So
the (i q)-estvies o (A+B)+C wd Ar(B¥c)

se The molrices ave ega ol
\Qél i&?&.\» v




There sre mony more exawples ot vectr (10

_VQ\N.SIZN“” Given o fixed O <m me [eT
P TM_ s Mho...ﬁ.?‘r% ‘... *&!WS\ a. eF for o...u.m..w_

r .Wrn m&.n s* .vt s\ SQ(Z.?N“ ?.5_.1..;@\« .NJ
..M Xmen Em “.\Nr mon..?\\.t.mh,? ..m.,oi F.

We 22.*0 monre r.‘..,n‘m.\\\ WN.D nLuNQ...m». ..\o\. .

&n.s«:.m of Lo T.w Addition snd scslor mult
e detined 3s ususl b

- . £\ = .
AN»R.TA..M y..w.\ u»uN \ﬁ.&;.w.m and

A=0 :

ple) +glt) = (prp)(2)




wpti=c(Zat)- 2’
\;P ..quv \s\\:or_?hg is O = ..N Q.N.; the
poly. it all 2ers coetticients.””

leu .N.SH..WN wi Tk \Qn.}hx.ﬂmo.r&m *;ﬂs!. F i

3 <«&.ds u\?:n oVer F. - ,
pef. Fufield F, let B[£]:{ZAE \R..

Ao a..msh.

| ﬂ’? me.m o+ wt\e\:sz.{&m N wilh . °
| Wﬂvnﬁ.ﬁmn.?..a on .W»N kn%ﬂﬁn o.ﬁ W\&.v W.NH&.N

Eedmo" &N\N&vus when O*a,, is the
coeff. of The r.,\.«mN,\oeoﬂ T in 1\3




\.._.”Iru .Nﬁﬁu 153 <wud?\ h\&\& over m-. E

EX. (Function spaces V

Let \w;m%v nﬁ.ﬂ»%i%w Le the setotesl/
fanctions from R %o IR, Define tond
r«.. <+,\%\ w\n:.,\%H let fte:R2K be the
Function 5.t Vxelk \T«&Euﬁ () t5x)
and (xm%\ (et «:1.@ :R—=R be TAe Funelion
b Vel («-F)x)=%" lx).

Arn.,.mnwo 40:.7&4..&.:: G :R2IR is %&&n&
VK eR .

| Hw-.. m.a.a\ﬁv 15 d <0«*.\. M\m\n over x.




bmnﬁ. M&\ \Ohn < ,“ d <ﬂ.~ﬁs P
= . tor 508 ce over /93
let WCV be s sabse? o\ da\.usnm “NNM\.

4/\ i$a MSPMN@ e 0.\. < 5»03 /)\ S w*\ﬂ\*m
wiTh The Same +ond: as V.,

Eo.*vlﬁ " <.>?..mu 5\ < when W iss \.&u\wa

Th: << 2\ when W setistres

O Vs, a, €W, #; 14y & W (Closare of Wardeed
W (Closure ot W under v

@ ®< ewW \wnl <nu.«,:\ ot V isin <<v




\th.n. In ow\.«. for W T be a vellirs ;RNMMN
.‘&. §ku-. WL‘%:.\\V sxloms % l@ ?\QV‘%W.
O ond @ in This Theorem sre O ond@ Tor

W. \ce.mo.. \;muh are um\»:\ mo Nt .Wru:\.tﬂ

}w...c&r m/\ v.a& X..S..m<\ zf«» ano?.s..\n
iven since WEYV,

Axioms Q\ ®\ @\ Q\ Ssa sre Truethir
all «\p!nzﬁa ot V so ﬂrm\ e .ﬁxkn..ﬂ:.

s1| elements of W since wEv.

Ariom @ 1S bein wnmslo\.ﬁow;\ r\@&i

why is © true 7~ We need the next/en
r Lo finish This proof.




PWSS.V. N«.m. " wm shy veclar spdre over F
Then 5(42\\ D%ﬁ.m. / RM
(b) Y 6F, - 6=6.

) VeV, C1)-v=-vV f
W) Y eF, YV ey, if =8 theneither

R. A& Nﬂ..m. OV =M M/\. Since DHQ.#QWJ.

wrz 0V =(0+0)-V = (O V) t(0-V) = tar.
s €V 5.t awrtlan)=6 So

" \ikﬁv,..\..}ﬁv m}w.*Ns...\i«c




AVV w\ aRiom @\ %*‘%“%s So <1mm \Vn%
sz o @ then tu&.%u&.\\*%vug

(< O)+ (& 8) = ar +a snd byTie Some
w.ds}?.w as In (4), RIS w?ﬁ\&.u%

$0 & % = Q.
(¢) Tn oxiom @, VvreV, 3V eV/s.t ViH-v)b
there 75 4 pre ‘wdice hidden in Tthe notalion
-y thst mﬁw\ " dd:Fve tnvevse oF U s
si\z«? determined &\ V. Let us firsT

i it Chis is True usin a\h«w?«s 3XIOmS,

chee
Suppose Dere were two candds Tes U ?\t.‘

such thaet Vta =6 and vt =86,
Why showld W =ar hovwe Tto be True ?



We hove h\@ S..?Cl“.w\u.?gh% hb@b\@» \Q\.\vNNN

wr= Ota =(rra)tar 2 furv) rar zatlveas)

So there 18 Qx\\ one unj c..mum...ﬁw Mw

\o.mo?s;o& r\ V- sach “het .Q:.T\..Q\vu&
me. sddtive inverse Nsﬂ\b»?nv ot VeV.
Back to \35: TheT ~v=(1)-v.

I field ﬁ.~ the mulT. V\ux.w\n!wsm- 1 s
s unigue he stive, =1€F such Bt 144)=0
TF we show Thet e.,+\..uv.c.. =@ Then b
whigae hess of -V, we masFAdre lqum\b»w,\,.
mx wxs.o_la\ é...n.ﬂ..\u 50 .c....\lmv.t-n H<-+\.&\<-
=(1t(-1)-v =0V =6 by @ snd pa. %



k tofinish The \w:.% on fl. 7%
<\9ﬁ WS\s A.vbs:\. eW b\ The 3ssa f\ﬁv«m?@
(W is closed under +) so The Lemme ) s8ys
s =C3) ew uw..:& ®. This 23\\&«3
th %2&% ot .WP Su Fn\m\n .W>m°.sn§\\c..\.&w




A \..?v.??u and £ Xam \u... of Subspare. NNM |
Th: Fer lmsn..”.u B;u\h,.u\v\w:\‘ we A dre
Cer(Lg) £F snd Range (Lq) £F™.
an.h:?.su &w«\‘ w.m.\. /¢ n:,k ww\. we Sec¢
thet Her(L4)=W umxiﬂs\\axumdﬂ: clsed
ander + ond -, 3nd cenlains O] s0ilise
sabspace ot F" by O sabsyace Theorem ¢n

3. We olse have tha x!%p\N\L

.A
W&.Su.ﬁam the w&f!\.ﬁ.yu ..T;v.m..n.»:\n.xn

T Ly(X)=AX La(Y)AY € Ronga(Ly) then
N\*S.lz\& nh\\x.vﬁ m%?\p \N\L Auan\. w&







