Solutions to Homework 3

Problem 1. Problem E to chapter 4.

Solution. 1. Let G be a finite group and S = {g € G : g # g~ '} be the set of all elements
in G which are not equal to their own inverse. Note that if g € S then also ¢~' € S. So
pairing every element from S with its inverse partitions the set S into some number k of
pairs of the form {g,g~'}. Thus S has 2k elements, so |S| is even.

2. Let T be the set of all elements in G which are equal to their own inverse and let
t = |T|. Then |G| = |T|+ |S| =t + 2k, so t and |G| have the same parity, i.e. they are
either both odd or both even.

3. Suppose |G| is even. By 2. we know T is even as well. Since e € T', we must have at
least one x € T such that = # e.

Suppose now that G is a finite abelian group. Let u be the product of all elements in G,
s be the product of all elements in S, and ¢ be the product of all elements in 7' (since
G is abelian, order of multiplication does not matter). Then u = st. Recall that the set
S is partitioned into pairs of the form {g,¢g~'} and the product of each such pair is the
identity. This shows that s = e and therefore u = t.

4. Note that if a € T thena=a"'soa? =e. If T = {t1,...,t,n} then t = t1ty...t,, and
t2 = (tity .. . ty)? =35 .. .12 =e.

This shows that u? = e.

5. If T'={e} thent =esou=ce.

6. If T'={e,x} with z # e then t = ex = z so u = x.

Remark. It is not hard to show that if G is abelian and |T'| > 2 then u = e.

Remark. Let p be an odd prime. Take for G the group Z; = {1,2,...,p — 1} with
multiplication modulo p. In this case T = {1,p — 1} (if a> = 1 (mod p) then p|(a® —1) =
(a—1)(a+1)sopla—1orplat+1,ie a=1(modp) ora=p—1 (modp) ). We have
u=1-2-...-(p—1)=(p—1)! (mod p) , thus part 6 above implies the following classical
result:

Wilson’s Theorem. Let p be a prime. Then (p —1)! = —1 (mod p) .
Problem 2. Problem G to chapter 4.

Solution. 1. We need to check the axioms. For associativity,
[(a,0)(m, n)](g, h) = (am,bn)(g,h) = ((am)g, (bn)h) = (a(mg),b(nh)) =

= (a,b)(mg,nh) = (a,b)[(m,n)(g, h)].
The identity of G x H is (eq,en):

(9,h)(ec,en) = (gea, hen) = (9,h) = (eag,enh) = (ec,en)(g, h).

Finally, the inverse of (g, h) is (¢~*, h™!):

(9. h) (g~ h™ ") = (g9~ " hh ™) = (ecem).



2. The elements of Zy X Zsg are

(0,0),(0,1),(0,2),(1,0),(1,1),(1,2).

The operation table of the group is

+ 00 01 (0.2 (L0 (1,1) (12
0,0 (0,0 0.1 (0,2 (L0 (L1 (L2
(0,1) (0,1) (0,2) (0,0) (1,1) (1,2) (1,0)
0,2) | (0,2 (0,00 (0,1) (1,2) (L,0) (L1)
(1,0) | (1,0) (1,1) (1,2) (0,0) (0,1) (0,2)
LY | (LD (L2) 1L,0) (01) (0,2) (0,0)
(1,2) (1,2) (1,0) (1,1) (0,2) (0,0) (0,1)

3. Suppose that G and H are abelian. Then for any (g1, k1), (g2, h2) in G x H we have

(91, M) (g2, h2) = (9192, h1h2) = (9291, hah1) = (g2, h2)(g1, h1)-
Thus G x H is abelian.
4. Let (g,h) be any element of G x H. Since g = g~ and h = h~!, we have
(97 h)il = (9717 hil) = (gah)

so every element in G X H is its own inverse.

Problem 3. a) Find the product
12345, /1 23 45\/1 2
4 1 3 2 5 21 3 4 5 4 1

b) Find the cycle decomposition and order of

(12345678 9)
31427609 85)

2.<12345

3
3

4 5
2 5
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— =
N—

7 6 5 4 3
3 123 456 7\(1 23 4567
"\7 6 5432 1)\23 156 74

c¢) Express the following permutations as products of disjoint cycles and find their orders
1. (1,2,3,4,5)(1,2,3,4,6)(1,2,3,4,7);
2. (1,2,3)(3,4,5,6)(1,2,3)7!
3. (1,2,3,4,5,6)3.

Express each of these permutations as a product of transpositions.

1

d) Find a permutation p € S,, such that p7p~" = o or prove that no such p exists, where



1. 72(1,3,4),0':(2,3,5),’[’1,:5;
2. 7= (1,4)(2,3,5), g = (2’4, 1)(5,3)’ n = 57
3. 7= (17375>7)(2?47 6)’ 0= (176)(475777372)

Solution: a)

1 2 3 4 5
143 2 5)°
b)
1 3456 789
1. <3 14927609 8 5) (1,3,4,2)(5,7,9). It has order 12;
1 2 3 45 6 7
2 <7 6 5 4 3 9 1>—(1,7)( 6)(3,5). It has order 2
123456 7\(1 234567 1 234567
5 <7 6 5 4 3 2 1) <2 31567 4>_<6 573 2 1 4>_(1’6)(2’5)(3’7’4)'
It has order 6.
c)
1 234567
L (1,2,3,4,5)(1,234602347)=(, « ¢ 7 1 o 3)_(1,4,7,3,6,2,5)_
(1,5)(1,2)(1,6)(1,3)(1,7)(1,4); It has order 7.
2. (1,2,3)(3,4,5,6)(1,2,3)"L = (1,4,5,6) = (1,6)(1,5)(1,4). It has order 4.;
3. (1,2,3,4,5,6)3 = (1,4)(2,5)(3,5). It has order 2.
d)

1. Since 7 = (1,3,4) and o = (2, 3,5) have the same type of cycle decomposition, they
are conjugate in S,,. Any p such that p(1) =2, p(3) = 3 and p(4) = 5 will work. For
example, p = (1,2)(4,5).

2. Since 7 = (1,4)(2,3,5) and o = (2,4,1)(5,3) have the same type of cycle decom-
position, they are conjugate in S,. Any p such that p(1) = 5, p(4) = 3, p(2) = 2,
p(3) =4, p(5) = 1 will work. There is only one such p: p = (1,5)(4, 3).

3. The permutations 7 = (1,3,5,7)(2,4,6) and 0 = (1,6)(4,5,7,3,2) have different
structure of cycle decomposition so they are not conjugate. In fact, for any p we
have

prp~t = (p(1), p(3), p(5), (7)) (p(2), p(4), p(6))
which is a product of a 4-cycle and a 3-cycle which are disjoint, hence prp~! can
not be equal to o (by the uniqueness of the decomposition into a product of disjoint
cycles).

Problem 4. a) Let o, 7 be two transpositions in S,, n > 3. Show that o7 can be
expressed as a product of 3—cycles (not necessarily disjoint).

b) Prove that every element of A,,, n > 3 is a product of 3—cycles.



Solution: a) If o, 7 are disjoint then o = (a,b), 7 = (¢,d) and a,b,c,d are pairwise
different. Then
(a,b)(c,d) = (a,b,c)(b,c,d).

If the supports of o and 7 have exactly one element in common then we can write o = (a, b),
T = (a, c), where a,b, c are pairwise different. Thus

(a,b)(a,c) = (a,c,b).

Finally, if the supports of ¢ and 7 have more than one element in common then ¢ = 7
(note that both supports have 2 elements) so o7 = id = (1,2, 3)(1,2,3)(1,2,3).

b) If 7 is an even permutation then it is a product of an even number of transpositions:
T = 0103...09, where each o; is a transposition. By part a), each of o109, 0304, ...,
09k_109k is a product of 3-cycles and therefore 7 is a product of 3-cycles.

Problem 5. a) Which of the following permutations are even?
8 9\
9 6)’

3. (1,2)(1,2,3)(4,5)(5,6,8)(1,7,9).

56 7
3.7 8
2. (1,2,3,4,5,6)(7,8,9):

b) Prove that a k—cycle is even iff k is odd.

¢) In the even permutation
123456 7 89
31 2 78 9 6
two entries are missing. Find the missing entries.

Solution: a) Checking whether a given permutation is odd or even directly from the
definition is not the most efficient way. Instead we will use part b) and the fact that a
product of several permutations is even (odd) if the number of odd factors is even (odd).

1 2 3 45 6 8 9 .
L. <2 451 3 7 9 6) =(1,2,4)(3,5)(6,7,8,9). The 3-cycle (1,2,4) is even
and both (3,5) and (6,7,8,9) are odd. We have an even number of odd factors so
our permutation is even.

7
8

2. The first factor of (1,2,3,4,5,6)(7,8,9) is odd and the second factor is even, so the
product is odd;

3. The product (1,2)(1,2,3)(4,5)(5,6,8)(1,7,9) has two odd permutations and three
even permutations so it is an even permutation. .

b) Let (a1,as,...,ar) be a k—cycle. We have seen that

(a1, a2, ...,ax) = (a1, a) (a1, ag—1)...(a1, az)

is a product of k — 1 transpositions. Thus (a1, ag,...,ax) is odd if k£ — 1 is odd, i.e. k is
even, and it is even if kK — 1 is even, i.e. k is odd. This proves our claim.



c¢) One of the missing entries is 4 and the other is 5. If the first missing entry is 4 then our
permutation is (1, 3,2)(6,7,8,9), which is an odd permutation. If the first missing entry
is 5 then our permutation is (1,3,2)(4,5)(6,7,8,9), which is even. Thus only the latter
case is possible and our permutation is equal to

123 456 789

3125 4789 6/
Problem 6. Let H be a subgroup of S,, generated by (1,2) and (1,2, 3,...,n). Prove that
H = 5,,. Hint: Show that H contains all transpositions.

Solution: Let 7 = (1,2,3,...,n). Since H is a subgroup and both 7, (1,2) are in H, we
have
(1,277 = (7*(1),7%(2)) = (k+ 1,k +2) € H

for k =1,2,...,n—2and 7" 1(1,2)7'"" = (n,1) € H. Thus H contains the transpositions
(1,2),(2,3),...,(n — 1,n) and (1,n). Note now that for s < k < n we have (k,k +
1)(s,k)(k,k+ 1) = (s,k + 1). This means that if if (4,j) € H with 0 < i < j < n then
also (i,7+1) € H. Starting with (1,2) € H and applying the last observation we see that
(1,k) € H for k=1,2,...,n. Similarly, starting with (¢,7+ 1) € H we see that (i,k) € H
for k =44+ 1,...,n. Thus H contains all transpositions. Since every permutation is a
product of transpositions, we see that H contains all permutations, i.e. H = .5,.

Problem 7. Let G be a group. Define the center of G as the subset Z(G) of all elements
which commute with every element of G, i.e.

Z(G)={g € G:ag = ga for every a € G}.

a) Prove that Z(G) is a subgroup of G.

b) Find Z(D3), Z(Dy), Z(Qs) and Z(Ds).
c) What is Z(D,,)?

d) What is Z(S,)?

Solution: a) Clearly e € G. Let a,b € Z(G). For any g € G we have

(ab)g = a(bg) = a(gb) = (ag)b = (ga)b = g(ab)
so ab € Z(G). Also

alg=(a""g)(aa”") =a(ga)a " = (a 'a)ga" = ga”!

so a~! € G. Thus G is a subgroup of G.

Another way is to use the observation that

2(G)= () Cly)

geG

where C(g) is the centralizer of g, defined in solution to Quiz 2. Since each C(g) is
a subgroup and intersection of subgroups is a subgroup, we conclude that Z(G) is a
subgroup.



b) Recall that D3 contains two elements 7' and S such that ST = T~!'S, T3 = [ = §?
and D3 = {I,T,T?,S,ST, ST?}.

We first determine which elements S7T° (0 < a < 1, 0 < b < 2) commute with S.
Note that S(S%T?) = S4H'T® and (S°T?)S = S4(TS) = S9ST—0 = S*HT=b. Thus
S(S9T?) = (S2T*)S iff T® = T—°, i.e. T?" = I. This implies that 7% = I. Since T2 = I,
we have T3 = I and therefore T® = (T%)(T3")~! = I. Thus the only elements which
commute with S are I and S (i.e the centralizer C(S) = {I,S}). Note that S does not

commute with 7. Since elements of Z(D3) commute with all elements of D3, we have
Z(Ds) ={1}.

Similarly, Dy = {I,T, 72,73, S, ST, ST?,ST?}. As before, S(S°T") = ST!T? and (S*T?)S =
SY(TbS) = S2ST—° _ getip- b so S(SaTb) (SeT)S iff T = TP, i.e. T?® = I. This
holds iff b = 0 or b = 2 (we only consider b € {0, 1,2,3}). Thus the only elements which
commute with S are I,S,T2, ST?. Note that neither S nor ST? commute with 7. This
implies that Z(Dy) C {I,7?}. On the other hand, 72 commutes with S and T so it
commutes with all elements in Dy. Thus Z(Dy) = {I,T?}.

Recall that Qs = {I,—1,i,—i,j,—j,k,—k} (see Problem 6 of homework 2). Note that +i
does not commute with +5 and it does not commute with +k. Thus none of the elements
i,—1,j, —j, k, —k is in the center of (Js. On the other hand, both I and —I commute with
all elements in Qg. Thus Z(Qg) = {I,—1}.

In Do, we have T™S = ST~™ = ST™ for m # 0, so neither S nor any non-trivial power
of T belong to Z(Ds). Furthermore, (ST™)T = ST™! and T(ST™) = (TS)T™ =
(STH)T™ = ST™~1 £ (ST™)T. Thus no element of the form ST™ belongs to Z(De).
It follows that the only element in Z(Dy) is I, i.e. Z(Ds) = {I}.

c¢) Recall that D, = {I,T7,T% ..., 7" S ST,ST? ...,ST" '}, T" = I, and ST =
Tn=1S =T-1S. Asin b), we first find the centralizer of S. Since S(S?T?) = S**1T? and
(89T S = SHT*S) = S4ST% = STt we have S(S?T?) = (S?T?)S = iff T = T~°
iff 72 = I. In n is odd this holds only when b = 0 and when n is even then b = 0 or
b =n/2 (we only consider b from the set {0,1,...,n — 1}).We see that

o(S) = {1,S} if n is odd;
B {1, S, T”/Q,ST”/Q} if n is even.

Note also that neither S nor ST™? commute with 7. Thus if n is odd then Z(D,,) = {I}.
For n even, T™? commutes with all elements if D,, (since it commutes with S and T) so
Z(Dy,) = {I,T™?} for n even.

d) If n = 2 then S,, = S is abelian and therefore Z(S2) = S3. Suppose now that n > 3.
Let 7 be a non-trivial permutation in S,,. Thus 7(a) = b # a for some a. Since n > 3,
there is a c different form a and b. Note that 7(a,c)7™' = (7(a), 7(c)) = (b,7(c)) # (a, c).
Thus 7 and (a, ¢) do not commute, so 7 is not in the center of S,,. This proves that the
center of Sy, is trivial, i.e. Z(S,) = {e}.



