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Abstract

In this thesis, the L>° estimates and gradient estimates are proved for the
eigenfunctions of either Dirichlet or Neumann Laplacian on compact Rie-
mannian manifolds (M, g) with boundary. Applying these estimates, the
Hormander multiplier Theorem is proved under this setting. These extend
the work that done previously by C. Sogge, A. Seeger and C. D. Sogge on com-
pact manifolds without boundary. And the almost-everywhere convergence of
eigenfunction expansions and Riesz means for function f € L§(M) or LP(M)
with respect to the Laplace-Beltrami operator on compact manifolds with

boundary are also studied.
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Chapter 1

Introduction

The first part of my thesis studies the L> estimates and gradient estimates
for the eigenfunctions of either Dirichlet Laplacian or Neumann Laplacian
on compact Riemannian manifolds (M, g) with boundary. Here we consider

the Dirichlet eigenvalue problem
(A+)u(z) =0, z€M, u(x)=0, z¢€dM,
and the Neumann eigenvalue problem
(A+ X u(z) =0, €M, Ou(x)=0 z¢€dM,

where A = A, is the Laplace-Beltrami operator associated to the Riemannian
metric g, and 9, is the outward normal derivative on M. Let 0 < X2 < \2 <
A} < - denote the eigenvalues and let {e;(z)} C L*(M) be an associated

real orthogonal basis with unit Z? norm. And define the unit band spectral



projection operators,

wi= X ) where (@) =eix) [ Fly)e;)dy.

AFENAFL)

The study for L? estimates for the eigenfunctions on compact manifolds
has a long history. In the case of manifolds without boundary, the most

general results of the form
Il < CXPYfll2, A>1, p>2, (1.1)

where
-1 nn-1,1 1

7(p) = max{* = — 5o (G - )

were proved in Sogge [30]. These estimates cannot be improved since one

can show that the operator norm satisfy limsup, .. A ||x,||z2—r» > 0.
(see Sogge [32]).

The special case of (1.1) where p = oo can be proved using the estimates
of Hormander [14] that proved the sharp Weyl formula for general self-adjoint
elliptic operators on manifolds without boundary. In case of manifolds with
boundary, Grieser [10], and Smith and Sogge [29] showed that the bounds
(1.1) hold under the assumption that the manifold has geodesically concave
boundary. The two dimensional case was handled in [10], and higher dimen-

sional in [29]. Recently, Grieser [11] proved

lles (Nllse < CA" V2| £,

And Sogge [33] proved the following L estimate for x, f on compact mani-

folds with boundary,
aflloe < CA D2 fllo, A2 1,
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which are sharp for instance when M is the upper hemisphere of S™ with
standard metric. Here we have the L> estimates and gradient estimates on
the unit band spectral projection operators y, f for both Dirichlet Laplacian

and Neumann Laplacian,

Theorem 1. Fiz a compact Riemannian manifold (M,g) with bound-
ary, for both Dirichlet Laplacian and Neumann Laplacian on M, there is a

uniform constant C' so that

afllse < CACTD2|[f]h, A >1,

Vx2S loo CAFV2) £y, A > 1.

IN

The motivation to study the gradient estimates as Theorem 1 is that one
cannot get the gradient estimates on the eigenfunctions of Dirichlet Laplacian
from standard calculus of pseudo-differential operators as was done for the
Laplacian on the manifolds without boundary, since P = \/T% for the
Dirichlet Laplacian is not a pseudo-differential operator any more and one
cannot get good estimates on L* bounds on y, and Vy, near the boundary
only by studying the Hadamard parametrix of the wave kernel as in the
case of manifolds without boundary in [27] and [32]. Here we shall prove
Theorem 1 using the standard interior and boundary gradient estimates for
second order elliptic operators in [8] and a maximum principle argument as

used in [11] and [33].

The second part of my thesis studies the Hormander multiplier Theorem



for smooth compact Riemannian manifolds with boundary. Given a bounded

function m(\) € L>°(R) we can define operators, m(P), by

m(P)f = f: m(A)e;(f)

The Hormander multiplier Theorem is that when one considers any space
LP(M), for 1 < p < oo, what smoothness assumption on the function m(\)

are needed to ensure that
m(P): LP(M) — LP(M).

Many authors studied the Hormander multiplier Theorem under different
setting. Specifically, one assume the following regularity assumption: sup-
pose that m € L*®(R), let L%(R) denote the usual Sobolev space and fix
B e Cse((1/2,2)) satisfying 3 5(27t) = 1, ¢t > 0, and suppose also that

sup A~ [B(-/N)m()] |72 = sup [[B()m(M)|[7: < oo,
A>0 A>0

where real number s > n/2.

Hormander [14] first proved the Hormander multiplier Theorem for R™
under the above smoothness assumption. Stein [35] and Stein and Weiss
[36] studied the Hérmander multiplier Theorem for multiple Fourier series,
which can be regarded as the case for flat torus T™. Seeger and Sogge [27] and
Sogge [32] proved the boundedness of m(P) on LP(M) for compact manifolds
without boundary under the above smoothness assumption. Using the L>
estimates on y,f and Vyx,f and the ideas in [27], [31]- [33], we have the
following Homander multiplier Theorem for both Dirichlet Laplacian and

Neumann Laplacian on compact Riemannian manifolds with boundary:
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Theorem 2. Let m € L*(R) satisfy the above smoothness assumption,

then there are constants C, such that

Im(P) flleary < Collfllzran, 1 <p<oo.

The last part of my thesis study the problem on almost-everywhere con-
vergent eigenfunction expansions and Riesz means of the Laplace-Beltrami
operator Ay on a compact Riemannian manifold (M, g) with boundary. De-

note the partial sums of eigenfunction expansions as

Sv(fiz) = Y e(f)@).

Let S*(f;x) denote the maximal function
S*(f;x) = sup |Sn(f; x)].
N>1

In [17], on a compact boundless manifold (M, g), Meaney proved the
almost-everywhere convergence of eigenfunction expansions of the Laplace-
Beltrami operator for function f € L2(M), where L?(M) is the Sobolev space
of order s > 0. Here we have the following result on almost-everywhere con-
vergent eigenfunction expansions for both Dirichlet Laplacian and Neumann

Laplacian on a compact manifold M with smooth boundary.

Theorem 3. Fors >0, if f € L3(M), we have

A}im Sn(f;z) = f(z), almost everywhere on M.



And for the mazximal function S*(f;x), we have

1S*(Ilz2any < Csllf]

L2(M)>

for some constant Cs.

When one study the almost-everywhere convergence of eigenfunction ex-
pansions of the Laplace-Beltrami operator for function f € LP(M), we will

consider an important class of special multiplier, Riesz means:
2

) = X (1 ) e (f)(a),

A <A

of the spectral expansion. Stein and Weiss [36] studied the Riesz means
for multiple Fourier series, which can be regarded as the case for flat torus
T". Sogge [31] and Christ and Sogge [5] proved the sharp results for man-
ifolds without boundary, which the Riesz means are uniformly bounded on
all LP(M) spaces, provided that § > ”T_l, but no such result can hold when
0 < ”T_l Recently, Sogge [33] proved the same results on Riesz means of
the spectral expansion for Dirichlet Laplacian on manifolds with boundary.
In [2], Alimov studied conditions for the convergence and Riesz summability
of spectral expansions of piecewise smooth functions for self-adjoint elliptic
operators on the compact subdomain of a n-dimensional domain.

Here we use the L™ estimates on y, and a L? estimates on the nor-
mal derivative of eigenfunctions on the boundary to study the asymptotic

behavior of spectral functions, and we obtain the following results:

Theorem 4.  Let f be a piecewise smooth function on a manifold M

with boundary, dim M = n, we have



(1). n =2, on each compact subset of the smoothness domain of f, the
spectral expansion is uniformly bounded and the Riesz means S f(x) of any
positive order s > 0 uniformly converge to f.

(2). n > 2, on each compact subset of the smoothness domain of f, the

Riesz means S3f(x) of any positive order s > (n — 1)/2 uniformly converge

to f.

Remark 1.0.1 For n > 2, there are some simple examples, such as the
characteristic function of unit ball xp in R", see [23], show that the spectral
expansion of a piecewise smooth function may diverge even at points far from

the discontinuity surface, and, if n > 3, the divergence will be unbounded.

Now applying the uniformly bounds for Riesz means on LP(M) in [33]
and a density argument, from Theorem 4.1.2, we have the following almost

everywhere convergence results for Riesz means on LP(M):

Theorem 5. Fix a smooth compact Riemannian manifold with bound-
ary of dimension n > 2, for any s > (n—1)/2, let f € LP(M), 1 < p < oo,

we have
)\lim Syf(z) = f(x), almost everywhere for x € M.
And for any s > (n—1)/2, let f € LP(M), 1 < p < 0o, we have

lim S5 f(x) = f(x), inmeasure for x € M.

A—00



Chapter 2

Eigenfunction Estimates

2.1 Introduction and Results

In this chapter we study the L* estimates and gradient estimates for the
eigenfunctions of either Dirichlet Laplacian or Neumann Laplacian on com-
pact Riemannian manifolds (M, g) with boundary. Here we consider the

Dirichlet eigenvalue problem
A+ )u(z) =0, z€ M, ulx)=0, =x¢cdM, (2.1)
and the Neumann eigenvalue problem
(A+)u(xr) =0, €M, Oux)=0, xcdM, (2.2)

with A = A, being the Laplace-Beltrami operator associated to the Rie-
mannian metric g, and 0, is the outward normal derivative on OM. Recall

that the spectrum of (2.1)and (2.2) is discrete and tends to infinity. Let



0 < A < A3 < A3 < --- denote the eigenvalues, and let {e;(z)} be an
associated real orthogonal normalized basis in L?(M), and define spectral

projection to e;(x) as

ei(f) @) = es(@) | FWe; ().

and the unit band spectral projection operators as

= el

A ENA+T)

In [33], Sogge proved that for a fixed compact Riemannian manifold

(M, g) with boundary, there is a uniform constant C' so that
I flloe < CAD2 fllo, A > 1,
which is equivalent to

ej(z)? <CON"' Vx e M.
AjEAAFT)

And in [11], Grieser proved the L™ estimates

lle; (Al < CAT D2 £ 2

for both Dirichlet and Neumann Laplacian. Here we have the L™ estimates
and gradient estimates on Y, for both Dirichlet Laplacian and Neumann

Laplacian,

Theorem 2.1.1 Fiz a compact Riemannian manifold (M, g) with boundary,
for both Dirichlet Laplacian and Neumann Laplacian on M, there is a uni-

form constant C' so that
o Slloe < CAPD2||f]l, A > 1,

IVxaflle < CAPTOR[f]ly, A > 1



Remark 2.1.1 Note that

wi@) = [ @)y

A €EMA+HT)

V@ = [ Ve by,

A €MAFT)
therefore, by the converse to Schwarz’s inequality and orthogonality, one has

the bounds

pof@)] < CATDR]|flly,

IVxaf(@)] < CADR|f],,
at a giwen point x if and only if

Yoo e < oA

A €A+

> Ve @) < oxt

)\jE[)\,)\‘Fl)
In the proof at section 2, we shall prove either one of these two kind gradient

estimates.

In section 2.2, we prove the L estimates on eigenfunctions as did in
Sogge [33], where the same estimate for Dirichlet Laplacian was proved. The
only difference is that we need prove the interior estimates for Neumann
Laplacian in addition.

In section 2.3, we prove the gradient estimates according to three cases:
for the interior points with dist(z,dM) > e\~!, for the boundary points,
and for the points on the strip near boundary with dist(x, dM) < eA~!. For

interior points, we use the idea of gradient estimates for poisson equations,

10



and apply this idea to manifolds without boundary, we obtain the gradient
estimates directly. For boundary points, we show the gradient estimates
for Dirichlet Laplacian, using a perturbation from a constant coefficients
differential operators, on a small neighborhood at each boundary point. For
the points in the A~! strip near boundary, we follow the idea as used in
Sogge [33] and use the maximum principle to show the gradient estimates for
both Dirichlet Laplacian and Neumann Laplacian, furthermore, we show the
same estimates hold for Neumann Laplacian at boundary. Since the proof
of gradient estimates only involve the L> estimate of the eigenfunctions and
didn’t use any geometric property. Notice that for compact Riemannian
manifolds without boundary, by Lemma 2.3.1 and the L*> estimates on the
unit spectral projection operators x, for a second-order elliptic differential
operator on compact manifolds without boundary in Sogge [32], we have the
gradient estimates for a second-order elliptic differential operator on compact

manifolds without boundary.

Finally we study the upper bounds for normal derivatives of the unit spec-
tral projection operators Laplacian on L*(M). Let 0 < A2 < A3 < M2 < ---
denote the eigenvalues for the Dirichlet Laplacian, and {e;(z)} be an associ-
ated real orthogonal normalized basis in L?(M), and define e;(f)(z) and the
unit band spectral projection operators, x,f, as above. In [12], Hassell and

Tao proved the following inequality for single Dirichlet eigenfunctions
Oe;
C)\j < HaiVJHLQ(aM) < C)\ja
where the upper bound holds for some constant C' independent of j, and the

11



lower bound holds provided that M can be embedded in the interior of a
compact manifold with boundary, N, of the same dimension, such that every
geodesic in M eventually meets the boundary of N. Using the idea to show
the Rellich-type estimates in [12] and the orthogonality of the eigenfunctions,

we have the following results:

Theorem 2.1.2 Let M be a smooth compact Riemannian manifold with
boundary, and function f € L*(M), then

3X,\(f)
=5,

holds for some constant C' independent of \.

22000y < C)\S/2||f||L2(M)7

2.2 L Estimates of Eigenfunctions

In this section we shall prove the L> Estimates of Eigenfunctions for either
Dirichlet or Neumann Laplacian following the ideas in [11], where the same
L> estimates were done for single eigenfunctions, and in [33], where the L>
estimates were done for ) f of Dirichlet Laplacian. Here we use the geodesic
coordinates with respect to the boundary. We can find a small constant ¢ > 0
so that the map (2, z,) € OM x [0,¢) — M, sending (2, z,,) to the endpoint
x, of the geodesic of length x,, which starts a ’ € M and is perpendicular
to OM is a local diffeomorphism. We denote d(x) = dist(x,0M) in whole
thesis. In this local coordinates x = (xy,- -, z,_1,%,), the metric has the
form

En: gij(x)dz'dr? = (dx,)* + znj gij(r)dz'da?,

i,j=1 4,j=1

12



and the Laplacian can be written as

n o @2 n 8

i,j=1 i=1

Where (¢“(x))1<ij<n is the inverse matrix of (g;j(x))i<ij<n, and g™ = 1,
and g"* = ¢g" =0 for k # n. Also the b;(z) are C* and real valued.
We show that one has the uniform bounds for either Dirichlet or Neumann

boundary problem
DS (@) < CXV2 [ fll e, A2 L
From Remark 2.1.1, we need only to should the following two results.

Proposition 2.2.1 Fix the compact manifold (M, g) with boundary, for a
given small constant € > 0, there is a uniform constant C' so that for A > 1
Z (ej(x))2 < Ce)‘nila

A ENAFL)

for any interior point x satisfying d(z) > e\~
Proposition 2.2.2 Fix (M, g) as above, then for large A we have

max (ej(x))* <4 max (ej())>
{x:d(x)<;(x+1)—1}Aj€[AZ;H) ’ {m:d(x)zé()\+l)—1})\j€[>\z’;\+l) /

Proof of Proposition 2.2.1 For Dirichlet Laplacian case, one can see
in Sogge [33]. As in Sogge [33], we shall see that the estimate for Neumann
Laplacian in this Proposition is an immediate consequence of the similarly
results as Theorem 17.5.10 in Hérmander [15], which in turn is based on

earlier work of Seeley [28]. To state this result, we let

e(w,\) = (2m) " | (1 20 e,
{€eR™ [¢]<A}

13



If we assume that the local coordinates have been chosen so that the Rie-
mannian volume form is dz; - - - dx,, then the result just quoted says that
there is a uniform constant C' so that for A > 1,

1S (e;(2))? — e, A)] < CAA + d(z)~)"2.
A <A

Since A(A + d(z)"H)"2 = O(A"™ 1) for all = satisfying d(z) > e\™'. This

yields Proposition 2.2.1 since
le(z, A4+ 1) —e(z,\)| < CA""!, Vo with d(x) > e .

Next we show the above result for Neumann Laplacian. One may see that
the proof is a straightforward modification of Theorem 17.5.10 in Hérmander
[15] for Dirichlet Laplacian in his book line by line.

When d(z) > ¢ > 0 for some fixed small constant ¢, this is a consequence
of Theorem 7.2 in Seeley [28], where Seeley proved, there are constants C'
and « > 0 such that for A > 1

| > (ej(2))? — e(z, )] < CINd(2)* A+ d(z) 22 Am32,
A<
true for both Dirichlet Laplacian and Neumann Laplacian.
When d(z) < ¢, we will use the Tauberian Lemma (Lemma 17.5.6 in

Hérmander [15])with @ = 1/c and

p) = geiEm() Y (i),

A5 <A

v(A) = ;sign()\)e(x, A).

14



By the definition of e(z, \), we have
|de(z, \)] < CA™

This proved the first part of assumption (17.5.13) in Lemma 17.5.6 in [15].

Our result will follow if we prove that
|(du — dv) * da (V)| < C(IA + dist(a, M) 1),

where ¢,(\) = ¢(N\/a)/afor a > 0, and ¢ is a positive function in C*°(R) with
Jq @(N)dA = 1 and the Fourier transform ¢ with support in (—1,1). We can
show the above estimate for Neumann Laplacian the same as Hormander’s
argument for Dirichlet Laplacian in the proof of Theorem 17.5.10 in [15]. The
only difference is that we replace those estimates for the Dirichlet wave kernel
by those for the Neumann wave kernel wave kernel in the proof of Theorem
17.5.10 in [15]. The same estimates hold with some different constants. Then
applying the Tauberian Lemma (Lemma 17.5.6 in Hérmander [15]), we show

our assertion. Q.E.D.

Proof of Proposition 3.2. Here we use the geodesic coordinates with
respect to the boundary. we use the same function H(x) as in Proof of Propo-
sition 2.4 in [33], where the estimate for Dirichlet Laplacian is discussed, to
apply the maximum principle to get bound at boundary of the A~! strip, and
furthermore, we show the outward normal derivatives of H(z) on the bound-
ary dM must be strictly positive as pointed in [11] for single eigenfunctions

of Neumann Laplacian.

15



In what follows we shall assume that A is large enough so that A > C/c,
where C' is some universe constant and ¢ is the uniform constant with respect
to the local coordinates. Assume further that spec(y/—A,) N[N A + 1] # 0,

and consider the function

where
w(r) =1— (A +1)%2.

Support that in the strip {z € M : 0 <z, < $(A+1)7'} the function H(z)

has a maximum at an interior point x = 3. Then

w(x) AjENAFD) w(xo)

must have a positive maximum at x = x,. For because of our assumptions

on the spectrum we then have v(zg) = Z/\je[/\7>\+1)[ij((§§))]2 > (, while at other

points in the strip

1
w(x)

(% e

lv(z)] <
AjEAAFT) w(xo) AjEAAFT)

= (H(2))"*(H (20))"

¢j(x0)?)"?

< H(xo) = v(xo)

Note that in the strip {z € M : 0 <z, < (A +1)"'} we have

(A+X)w = —2A+1)* = 2b,(2)z, (A + 1) + A;(1 — (A +1)%22)
2
< —O\zl), for A; < X+1,

16



assuming that A is large enough so that |2b,(x)z,| < 1/2 in the strip. Also,
in this strip we have that % <w(z) <1

Let us set

and note that A + A\)u;(z) = 0.
A computation (one may see p.72, [26]) shows that for a given j we have

0 = 133) (A + )\f)u?(x)

n noo2 j
= Y "M@ + D (=Y gM 0w + bi) vy + %(A * Ai)w'

Ji=1 k=1 =1

=4

b

Therefore, if we sum over \; € [A\, A+ 1), we get

3 ¢ @)+ S (=S o+ b)aw =— S LA+ 2w
k=1

k=1 Wiz repoary W
In particular, at point x = x(, we have

n

i g™ (20) 0RO () + Z(E igkl(xo)ﬁlw(a:o) + br(z0))Okv ()

k=1 k=1 Wi

1 €j(%o) |2 2\ (z

w(o) A EMAHD)

(A+1)* ) (L(%O))2 > 0. (2.3)

— 2w(zo) AjEAA+T) w(xo)

But this is impossible since v have a positive maximum at zy, which

implies that dpv(ro) = 0 for every k, and >3, " (20)0xOpv(z) < 0. Thus,

17



we conclude that the function H(z) cannot have a maximum at an interior
point of the strip {z € M : 0 <=, < 3(A+ 1)}

Now we shall prove the function H(z) cannot have a maximum value of
the strip on OM. Suppose that there is a maximum at the boundary point
xg = (2/,0) on OM. Then by the same argument as above, we have v(x)
must have a positive maximum at zo = (2/,0) and v(zy) > 0. It implies v
has a positive maximum at xq on M, in our local coordinates,which means
that Oyv(xg) = 0 for every k < n — 1, and Z’,z;:ll " (20) RO (z0) < 0. And

we also have

Opv(x)
N ¢j(z0) , 1 ¢j(%0) 5 o
(anw<x>>,\je[,\,>\+1) w(zo) o)+ w(z) AjEAAFT) w (o) Onci()

20 D o al) oy L s Gy

w(z)? A EAALT) w(xo) w(z) A EAALT) w(xo)
Since the Neumann boundary condition, we have 9,v(zy) = 0. For our local
coordinates, we have ¢"" = 1, and ¢g"* = ¢"" = 0 for k # n. Hence from

(2.3), we have

O*v(zg) = At17

5 €2 (o) > 0.

AEMA+L)
But it cannot be true since in local coordinates, we have that v(xy,x,,) gets
its maximum at xy = (z{,0) from our assumption and d,v(x¢) = 0, which
implies 92v(xg) < 0. It is a contradiction.

From above and our lower bound for w, we get that

max Yo o(e@)* <4 max > (es(x)”

{z:d(z)<i(x+1)-1} A EDA+L) {z:d(x)=1(A+1)~1} A EPAFD)

18



As desired, which completes the proof of Proposition 3.2.
Q.E.D.
Combine Proposition 3.1 and Proposition 3.2, we proved the L> estimates

on x, for Neumann Laplacian.

2.3 Gradient Estimates of Eigenfunctions

In this section, we study the gradient estimates of eigenfunctions for both
Dirichlet Laplacian and Neumann Laplacian, and we shall prove the gradient
estimates by using maximum principle according to three different cases: for
the interior points with d(x) > €A™', for the boundary points, and for the
points on the strip near boundary with d(z) < eA™'. And for the eigen-
functions for the Dirichlet Laplacian on compact boundless manifolds, we
also get the gradient estimates on x,f applying the gradient estimates for
interior points.

First we show the gradient estimates at the interior points with d(z) >

¢(A +1)7! for both Dirichlet Laplacian and Neumann Laplacian,

Lemma 2.3.1 For the Riemannian manifold (M, g) with boundary OM, we

have the gradient estimate
Vo f ()] < CAXPV2) o flla,  for d(x) > e(A+ 1)

Proof. We shall show this Lemma following the ideas in [8], where for

the Poisson’s equation Au = f, there are gradient estimates for the interior

19



point x( as
C
[Vu(zo)| < — sup |u| + Cdsup | f],
d oB B

by using maximum principle in a cube B centered at zy with length d.

Now we fix € and 2o € M with dist(zg, M) > ¢(A + 1)~L. We shall use
maximum principle in the cube centered at xy with length d = e(A+1)"1/\/n
to prove the same gradient estimates for y, f as above for Poisson’s equation.

Define the geodesic coordinates x = (x1,---,z,) centered at point zg
as following, fixed an orthonormal basis {v;}", C T,,M, identity = =
(x1,-++,x,) € R™ with the point exp(>7_; z;v;) € M. In small neighbor-
hood of xy we take the metric with the form

Zn: gij(v)dz'dx?,
ij=1
and the Laplacian can be written as

n i 82 n a
By = 30 g7 (@) g+ b

ij=1 i=1

Where (¢”(x))1<; j<n is the inverse matrix of (g;;(x))1<ij<n, and b;(x) are in
c.

Now define the cube
Q={{z=(21,--,2,) e R"| |z5| <d, i1 =1,---,n} C M,

where we can choose d = e(\ + 1)1 /y/n < dist(xg, M) /\/n.
Denote u(x; f) = xaf(z), we have u € C?(Q) N C°(Q), and

Agu(z; f) = — Z A?ej(f) = h(z; f).

)\jE[/\,)\+1)
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From the L* estimate in [33], and Cauchy-Schwarz inequality, we have

b P = (% (@] e way)

AFENA+L)

< Y @ Y ([ abwdy)

A ENAFI) A EAA+T)

< A+DC Y E@)lbafllizan
)\jG[}\,)ﬁFl)

< COAH D" a2

We estimate |D,u(0; f)| = |%u(0; f)] first, the same estimate holds for

|D;u(0; f)] with i =1,---,n — 1 also. Now in the half-cube
Q ={z= (21, ,z,) ER"| |Jz;| <d, i=1,---,n—1,0<x, <d} CM,
Consider the function

Pl 00 ) = el 1) = e~ ),

where we write x = (2/,x,) = (21, , Tp_1,2,). One see that p(z’,0; f) = 0,
supyg || < supyg |u| := A, and [Agp| < supg |h] := N in Q'. Consider also

the function

A
(' x,) = ﬁ[|x'|2 + ax,(nd — (n — 1)x,)] + BNz, (d — x,)
defined on the half-cube )’ and o > 1 and 3 > 1 will be determined below.
Obviously ¢(z',x,) > 0 on z, = 0 and ¥(z',x,) > A in the remaining

portion of Q).

Agp(x) = ;[Qtr(gij ()) — 2na —2a+1) +2 z: bi(z)x; + by(x)(nad

—(2na —2a + V)x,)| + NB[—2¢"" (x) + by (z)(d — 22,,)]
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Since in M, tr(¢”(x)) and b;(x) are bounded uniformly and ¢""(z) is

positive, then for a large «, we can make
2tr(g" (z)) — (2na — 2o+ 1) < —1,

Fix such a «, since d = (A + 1)7!/y/n, for large A, we have
2> bi(z)z; + bu(z)(nad — (2na — 2a + 1)z,) < 1.

=1

Then the first term is negative. For second term, let 3 large enough, we have
Bl—2¢""(x) + by (z)(d — 2x,)] < —1.

Hence we have Ay)(z) < —N in Q.

Now we have Ay(¢) £ ¢) < 0in Q" and ¢ = ¢ > 0 on 9Q’, from which
it follows by the maximum principle that (2, z,; f)| < (2, 2,)| in Q'
Letting ' = 0 in the expressions for 1) and ¢, then dividing by z,, and letting

x, tend to zero, we obtain

. (0,25 ), _ anA
D,u(0; f)| =1 <
[P0 )] = Jim [==== < =

+ BdN.

Note that d = e(A+1)"1/y/n, A < CA+1)""D/2 and N < (A41)+3)/2)

then we have the estimate
|Dpu(0; )] < Co(X+ 1) D72,
The same estimate holds for |D;u(0)|, 7 =1,---,n — 1. Hence we have

Vu(0)] < CelA+ 1)
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Since the estimate is for any xy € M with dist(xg, 0M) > (A + 1)71, the
Lemma is proved.

Q.E.D.

Remark 2.3.1 One can also use the parametriz for wave kernel to show
local Weyl estimates for interior points, then obtain the gradient estimates
as our Lemma directly by estimating the gradient of the parametriz for wave
kernel. Here since we use the L estimates on xxf in [33], where have
used the parametrixz method already, we can use basic method as maximum

principle to get gradient estimates here.

Next we show the following gradient estimates for the points on boundary

OM for Dirichlet Laplacian.

Lemma 2.3.2 Assume |u(z)| < CIA™ Y2 in M andu(z) =0 on OM € C?,
and

Agu(z) > —CoA 372,

then we have

\Vau(z)] < CAXD2 0 e € OM.

Proof. As did in proof of Proposition 2.2 in [33], we use the geodesic
coordinates with respect to the boundary. We can find a small constant
¢ > 0 so that the map (2/,x,) € OM x [0,¢) — M, sending (2/,z,) to the
endpoint , x, of the geodesic of length x,, which starts a ' € OM and is

perpendicular to OM is a local diffeomorphism. In this local coordinates
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x = (x1,"*,Ty_1,T,), the metric has the form

Z gij(x)dx' 'da’ = (dx,)?* + Z gij(x)dx’ 'da?

i,7=1 i,7=1

and the Laplacian can be written as

Ay = Z 9" (x) Z
(’336161’] —

,j=1

Where (g% (x))1<;j<n is the inverse matrix of (g;;(2))1<ij<n, and ¢"" = 1,
and g"* = ¢g" =0 for k # n, and b;(x) are in C*° and real valued.

Fix a point xy € M, choose a local coordinate so that o = (0,---,0, R),
with R = A~!. Without loss the generality, we may assume that at the point
zo, Ay(ro) = A, the Euclidean Laplacian, since we can transfer A, (zo)
to A by a suitable nonsingular linear transformation as did in Chapter 6
at [8]. Since ¢ (z) and b;(x) are C*, we have a constant A > 0 such that
(Vg (x)| < A and |Vb;(x)| < A hold for all z is the A~! strip of the boundary.

We first assume n = dim M > 3. For n = 2, we need define another
comparing function v(x). Define a function

1 1

Rn—2 Tn—2

v(m) _ Oé)\(3_n)/2( ) +B>\(n+3)/2(R2 . 7,2>7

on Ag = Bsyr(0) — Bg(0), where r = ||z||gn, B.(0) = {z = (z1,---,2,) €
R"| |z|] < r}, and @ > 1 and § > 1 will be determined below. Here we
assume Bg(0) is tangent to dM at point x, from outside. We will compare

v(x) and u(z) in Ag N M. For any v € Ag N M, we have

(n = 2)tr(g¥(2)) _n(n=2)Eg¥(@)za;  (n—2)F bi(z)e

rn 7,,n—|—2 rn ]

Agu(z) = |
x a2 (g (2) + 2 bix)a,] pA T2
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Since M is a compact manifolds, we have 0 < § < © < oo such that
bi(z)] < ©, 0 <tr(g”(z)) < © and bly|? < 3 ¢" (x)yiy; < Oly|? hold for all
r € M. And since z € Bg and R = A™!, we have A™! < |z| < 2A7! and

| > bi(z)x;| < 0/4 for large A. Then we have

DA|x —
AQU(QT) < n(n + ) ’Qf CL'Ola)\(?)—n)/Q _ (0 —9. Z)ﬁ)\(n+3)/2

rn
DA

< waA(g—n)/Q . Qﬁ)\(n+3)/2

r 2
< 3n(n+ 1)Aa)\(n+1)/2 _ Zﬁ)\(n—i—?;)/Q
Now let

7
3n(n + 1)Aar™! — 55 < —(Cy, (2.4)
where (U5 is the constant in the assumptions of this Lemma, then we have
Agv(z) < Au(z) in Ap N M.
Next we compare the values of v and w on d(Ar N M).

Case I, z € 0(Ar N M) N OAR.

i SR - (2R)?2) > (L — 38
(o~ @y TN (B - QR) 2 (5 - 39X,

v(x) = al

Now let
5 =302 0Ch. (2.5)

then we have v(x) > u(x) for z € I(Ag N M) N OAR.
Case I, z € 0(Ag N M) N OM.

1 1

v(x) = 04/\(3_")/2(7]% 5 5
n— yn—

)+ BACTI2(R? — %) = h(r),
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Since Bg(0) is tangent to M at point z( from outside, we know the range

of h(r) is [R,2R] and f(R) =0,

, 3-n 1 n+3 . n+1
fiir)y=(n—-2)arz e —28 2 1> (2""(n —2)a —2B8)\ 7.
Now let
27" (n — 2)a — 23 > 0, (2.6)

Then f(r) > f(R) =0, and we have v(x) > u(z) for x € O(Ag N M) N OM.
Finally we need determine the values of a and 3. Let 5 = 4C5y/6, then

from (2.4), (2.5), (2.6), we have the range of « as

3 C\
2 <ol ——MM——.
n—2’6ﬁ+ Cl}_a_3n(n+1)A

max{

For large A, the range of « is not empty set.

Hence for large A, we can find a function v(x) such that Ay (v(z)£u(z)) <
0in Ag N M and v(z) £ u(x) > 0 on O(Agr N M), from which it follows by
the maximum principle that v(x) £ u(x) > 0in Ag N M. On the other hand,

v(xg) — u(xp) = 0. Hence we have

[Vu(zo)| < g:j(ﬂ?o) = [(n — 2)a — 2B)AHD/2 .= ¢/ \(vHD)/2

Since z is an arbitrary point on dM, the Lemma is proved for n > 3.

For n = 2, we define the function
U(ZL’) = Oé)\l/Q(lnr . lnR) + /8>\5/2(R2 . 7“2)7

for x € ApN M. By the same computation as above, we can show the Lemma

holds also.
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Q.E.D.
Note that from L estimates of eigenfunctions, we know x, f(x) satisfies

the conditions of above Lemma, since

poaf@) =1 > ()P

)\jG[)\,)\'Fl)

(> @) lhafllz
)\]‘E[)\)H—l)

< OXH Sl

IA

and

Agpinf(z) = — > Xei(f)
A EMNA+T)
> —(A+D2 Y (@)D xSl
Aje[A,)\—i—l)
> —COAM2| |y, fl12

Apply that above Lemma to y,f, we have the gradient estimate on the

boundary points.

Lemma 2.3.3 For the Riemannian manifold (M, g) with boundary OM €

C?, we have the gradient estimate
IV f ()] < OXTI2| o flle, Vo € OM.

Now we deal with the gradient estimate in the A~! strip of the boundary
for both Dirichlet Laplacian and Neumann Laplacian. Here we also get the

gradient estimates on boundary for Neumann Laplacian.
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Lemma 2.3.4 For the Riemannian manifold (M, g) with boundary, we have

the gradient estimate
IVxaf(@)] < CXTD2 |1y flla,  for 0 <d(z) <e(A+1)7L.
where € is the same as in Lemma 2.1 and we will determine its value here.

Proof. We shall apply the maximum principle to Yy cpain) [Ve;(@)]?
on the A™! boundary strip as in [33], where dealt with the L™ estimates for
xaf on the A= boundary strip. As Lemma 2.2, we also use the geodesic

coordinates with respect to the boundary. First we estimate

1 " D?ei(z) 0%¢(x)
A D Ve = Y [ i)
! A ENAFD) ’ NEMAFD) d,5,k=1 7 0wy 00y

+(Vei(z), V(Ae(z))) + Ric(Ve(x), Ve (x))]

Since (g;j(x)) is metric tensor and M is a compact manifolds, we have a
constant 6 > 0 such that
9i5()ysy; = Olyl?
holds for all y = (y1,--+,y,) € R" and all x € M. And Ric > —B for some
positive constant B in whole M. Then for large A\, we have B < 2\ + 3.

Hence we have

1 )
A, D V@) = = Y IVe) P + Ric(Ve(z), Ve(z))]
MNENAFD) MNENAFD)
> —(A+27 Y |Ve(a)
MNEMAFD)

Now we define a function w(z) = 1—a(A+1)%x2 for the strip {z € M| 0 <

T, < €(A+ 1)1}, and the constants a and e will be determined below. We

28



have

<1-ae® <w(x) <1, (2.7)

DN | —

and following the computation in proof of Proposition 2.2 in [33], we have
Aw(r) = —2a(X +1)* — 2ab, (2)z, (A +1)* < —a(X + 1)?,

for all point in the strip, here assuming that A is large enough so that

by (2) 25| < 1/2. Define h(x) = 3y cpatr) [Ve;(@)]?/w(z), we have

A, Z |Vej(x)|2 = w(x)Ayh(z) + h(z)Aw(z) + 2(Vh(z), Vu(z))
AEMAHL)
> =20 +2)° Y |Vei(a))?
AEMAHD)

= 2\ + 2)%w(z)h(z).

Divide w(z) both sides, and apply the estimate of Ajw(z), we have

Vuw(z)

Ah(z) +2(Vh(x), 0 (@)

)+ (4 —a)(A+ 1)*h(x) > 0.

If we let @ > 4, h(z) achieves its maximum on d{z € M| 0 < z, <
e(A+1)7'}. Now we need only to show that h(x) can not achieve its non-
zero maximum on OM.

Assume that h(z) achieve its non-zero maximum at zo € M. Since we
have Vw(z) = 0 for all x € OM, then at the point zy € OM where h(z)

achieve its maximum, we have

Ah(zo) + (4 — a)(A + 1)*h(z0) > 0.
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Since 07h(xg) < 0 for k = 1,2,---,n — 1, and h(zy) > 0, we have
02h(xo) > 0. On the other hand, since w(z) = 1, Vw(z) = 0 and d,¢;(z) = 0

for all x € OM, we have

Onb(wo) = Oul D |Ve;(@)*/w(@)]lomso

AEMAFT)
n—1
= > [2w(wo) X_(0ke;(x0), OrOne;(0))
ALENA+D) k=1

+ 2w(20)(One;(%0), OxOne;(0)) — |Ve;(2)[*0nw(zo)) /1w(wo)’]

=0

hence from h(z) achieving its maximum at zy € OM, we have 92h(xq) < 0,
which is contradicted with above.

Hence we have

sup > | Vei(z)P < CAHL
{zeM| 0<n<e(A+1)71} N e[A A +1)

Finally we determine the constant a and €. From proof, we need a > 4
and ae® < 1/2, which is easy to satisfy, for example, we may let @ = 8 and
e=1/4.

Q.E.D.

Combine above Lemmas, we get the gradient estimates for eigenfunctions
of both Dirichlet Laplacian and Neumann Laplacian on compact Riemannian
manifolds with boundary.

Since here our proof only involve the L* estimate of the eigenfunctions
and didn’t use any geometric property. Notice that for compact Riemannian

manifolds without boundary, by Lemma 2.3.1 and the L*> estimates on the
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unit spectral projection operators y, for a second-order elliptic differential
operator on compact manifolds without boundary Sogge [32], we have the

following gradient estimates

Theorem 2.3.1 Fizx a compact Riemannian manifold (M, g) of dimension

n > 2 without boundary, there is a uniform constant C' so that

VX Flloe < CATFV2]|fllo, A > 1.

And the bounds are uniform if there is a uniformly bound on the norm of

tr(g¥(x)) for a class metrics g on M.

For Riemannian manifolds without boundary, in [34], the authors proved
that for generic metrics on any manifold one has the bounds ||e;||rn =
o(Agn_l)/ %) for L? normalized eigenfunctions. As Lemma 2.1, we can show
the L> gradient estimates ||Ve,|| = 0()\;"“)/2) for generic metrics on any
manifold. For Laplace-Beltrami operator A,, there are eigenvalues {—)\]2-},
where 0 < A2 < A\? < ... — oo are counted with multiplicity. Let {e;(x)} be
an associated orthogonal basis of L? normalized eigenfunctions. If A? is in
the spectrum of —A,, let Vi = {u | A,u = —A\?u} denote the corresponding
eigenspace. We define the eigenfunction growth rate in term of

L=Ag) = sup  |Jul|ze.
u€Vx;llull 2=1
and the gradient growth rate in term of

L¥(V,\g)= sup  [|[Vul[re.

weVy;llull 2=1
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In [34], Sogge and Zelditch proved the following results
L\ g) = oA

for a generic metric on any manifold.

Here we apply our Lemma 2.1, we have the gradient estimates

Theorem 2.3.2 L>*(V, )\ g) = 0()\§~n+1)/2) for a generic metric on any man-

ifold. And the bounds are uniform if there is a uniformly bound on the norm

of tr(g”(x)) for (M, g).

Proof. here the manifold has no boundary, we can apply our Lemma 2.1
to any point in M. From Theorem 1.4 in [34], we have L>®(), g) = O(Agn_l)ﬂ)
for a generic metric on any manifold. Fix that metric on the manifold and
a L? normalized eigenfunction u(x), apply our Lemma 2.1 to u(z) at each

point o € M, we have

V()| < “’;A + BdN.

where o and 3 are constants depending on the norm of tr(¢”(x)) at M only,

(n—1)/2

! ()\‘n+3)/2>

and A = supyg |u| = o(A ), and N = supg [Nu| = g , where the
cube

Q={z=(21,--,2,) e R"| |z5| <d, i=1,---,n} C M,

we choose d = (A + 1)1/ /n.
Hence we have

Vau(zo)| = o(AFD7?)

J
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holds for all L? normalized eigenfunction u(z) € Vj, furthermore, the bounds
are uniform when those metrics of (M, g) have a uniformly bound on the norm

of tr(¢g¥(z)) from the proof. Hence we have our Theorem. Q.E.D.

2.4 Upper bounds for normal derivatives

In this section, we study the upper bounds for normal derivatives of the unit
spectral projection operators of Dirichlet Laplacian on L*(M), where (M, g)
is a compact Riemannian manifold of dimension n > 2 with C* boundary. Let
0 < A2 <)\ <\ < - denote the eigenvalues for the Dirichlet Laplacian,
and {e;(x)} be an associated real orthogonal normalized basis in L?(M),
and define e;(f)(z) and the unit band spectral projection operators, x, f, for

function f € L?*(M), and we also denote

) =-Apaf= 3 M)

AFENAFT)

Following the idea using in the proof of the Rellich-type estimates in [12],

we have the following Rellich-type Lemma for x, f.

Lemma 2.4.1 Let x,f be the operators on f € L*(M) defined as above,

then for any differential operator A,

[ 2D g pyydo = [ (), [, A )

M Ov

+ [ (oD ACE Mz = [ (687D, ACa Nz, (28)

where A, is the Laplace-Beltrami operator associated to the Riemannian met-
ric g, v is the outward normal derivative on the boundary OM , do is the area

element on the boundary OM, and dx is the volume element on M.
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Proof. Since y,f vanishes at the boundary 0M, we apply Green’s for-

mula to get

d(xrf)
/aM TA(( xf))do

_ /M((X,\f),— (Axrf))) / (), A(CnnS)))dz
_ /M((XAf),— J(Alaf))) /XAfA (xaf)))dzx
= [ (oD =80 Al G0 da

+ [ (0o A Mda = [ (647, AlGa))de

Here we use the fact that e;(f) satisfying the following Dirichlet boundary

problem
(A, + )\?)u(x) =0, z€eM; ulx)=0, z€dM.

Q.E.D.
To prove an upper bound for the L?(0M) norm of d,(x,f) on the bound-
ary OM, we shall choose an operator A so that the left hand side of (2.8)
is a positive form in 0,(x,f). As before, we use the geodesic coordinates
with respect to the boundary. We can find a small constant ¢ > 0 so that
the map (2/,x,) € OM x [0,¢) — M, sending (z’,z,) to the endpoint, z,
of the geodesic of length x, which starts a ' € M and is perpendicular
to OM is a local diffecomorphism. In this local coordinates © = (2/,x,) =
(1, ,Tp_1,%,), the metric has the form

Z gij(z)dx’ 'dr? = (dx,)?* + Z gij(z o) dz'da?,

1,j=1 7,j=1
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and the Laplacian can be written as

n B 82 n a
A, = i :
"0 0
— v -
; 929" () 9z,

Where (¢”(x))1<ij<n is the inverse matrix of (g;j(x))i<ij<n, and g™ = 1,
and g"* = ¢g" =0 for k # n. Also the b;(z) are C* and real valued.

We use the above local coordinates z = (2/,x,), then we choose the
differential operator A = n(z,)0d,, on this local coordinates for each x,f,
where 7 € C2°(R) is identically 1 for x,, close to 0, and vanishes for z, > ¢,
satisfying |n/(z,)| < C/§ and |n"(x,)| < C/§%. Here 0 < 6 < ¢, where c is
the constant above associated with the local coordinates, since the manifold
is compact, the constant ¢ has uniformly lower bound respect to the local

coordinates. We show the following result:

Lemma 2.4.2 For above differential operator A, we have

d(xrf)
| £y

[Z2@oary < Co NSz + CN I f 1220y,
holds as A — oo for some constant C' independent of ||f||2 and A.

Proof. From Lemma 4.1, we have the identity (2.8). Now plug the above
differential operator A in (2.8). The left hand side of (2.8) is precisely the
square of the L? norm of 9,(x,f). Here we estimate the right hand side of
(2.8) in two cases:

Case I: Estimate on the first term of the right hand side of (2.8).
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In the local coordinates, we have the representation of [-A,, A] as

Ay, A = —(0; + Zg )00 +Zb ) (1(0)3)
3,7=1 =1
82+Zg )0;0; +Zb
i,j=1 =1

n

= _277/(1‘”)82 —0"(2,)0 — bu ()7 ()00 + ;(aan(x))az

= =21/ ()0 — (0" (xn) + b ()17 (20) — Oby)Dn + Z(anbi)ai
i=1
Denote C' = maxy{|b, ()|, |0n,bi(x)|}. Plus the above representation of
[—A,, A] in the first term of the right hand side of (2.8), and integral by

parts for first term, we have

| / {20 (0. (Xa )2 — (0" + bt — Onby) XA S)On (XA S)
+Z (Onbi) X0 F)0i (X0 f ) Y]

IN

c/{\m WO+ (] + 1]+ DI 9o
+ Z (ORI ACRAIITE:

IN

C / (08 @) + (672 + 67 + D) 0aN0a(ia )]
+Z| NN f)| e

IN

C [ {67 +6720@.(00) +z|a NP (D00 )Py
< O [ {67+ DV00)) + (€ + D00 f) e

Here we use the geometric mean inequality and € > 0 is an arbitrary constant.
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On the other hand, we have the following estimates

Voo = [ (Oof)=A(0af)de
= X X[ (Canef)d

A EMA+T)

< A+ X ez

A€M+
= A+ aflZ0n
Hence we know that the first term is bounded by

C{O™ + 072 ) (A + 1)* + e HIf72n) < COH A+ 12 f1172 ()

Here we let € = ¢.
Case II: Estimate on the other two terms of the right hand side of (2.8).

For our differential operator A = n(x,)0,, define two index sets as

I = {6k () Aldf)de > 0,
I = {GK) © [ () Aler(f))dz < 0},

we have
| 0af A )de = [ 08 F. A ) da
= i | (es(), Aler(£))d
< > =N [ @) Al )da

{AjARENAFL);(4,k)el T}

+ > =+ DY) [ (o) Aler( )
{N A€M (Gk)ET}

=y oy 2D . Al

A€, A+1) AENAFD)

(X = X (e, Alewl£)de

]k:)EI“’ (4,k)el—
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by integrating by parts, we have

J o, AG e = [ 08 F Ao )de
= — [ & R oo Dde = [ 08 F.n0,00f)de
= — [ w0 foapds =2 [ (687 9)m0.00.)ds

Notice that [\ ][z < (A + D2[|f||z2 and [[VOST )12 < O+ 13 f]] 2,

then there are the following estimates

IN

[ a0 andsl < €67 [ 1 foflds
CoMOS )l ezl 22

Co~ A+ 1[Iz

IA

IN

IN

[ 0 E oo el < [ mdaadl- odlde
XS Fl 21105 O f) 2
I Fllz2 1V Oof) e

A+ 1[Iz

IN A

IN

Combine above two Cases, we have the estimates as

0
120D 2y < OO+ D211+ IS L2100 00

< OO A+ 1P boflze + A+ D2 fllz. (2.9)
Q.E.D.

Now let §o = A~! in Lemma 2.4.2, we prove Theorem 2.1.2.
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2.5 Further Study

In this section, we discuss some further studies related to eigenfunction esti-
mates. First I would like to study the estimates of Laplacian eigenfunctions
and spectrum for domains in R"™ and compact manifolds with respect to
some global geometry property, such as curvatures and geodesic flows, which
relates to the inverse spectral problems (see [34], [39] and [43]). I plan to
study whether the results in [34] and [39] are true for manifolds with bound-
ary. Furthermore, I'd like to study the wave kernel of Laplacian on compact
manifolds with boundary and with singularity. Second I would like to study
the bilinear and multilinear eigenfunction estimates for Laplacian spectral
projectors on manifolds with boundary, and their application to nonlinear
Schrodinger equations and nonlinear wave equations on manifolds. In [6]
and [7], these estimates were proved for manifolds without boundary and
were applied to study nonlinear Schrodinger equations. I'd like to study

these problems for manifolds with boundary.

39



Chapter 3

Hormander Multiplier Theorem

3.1 Introduction and Results

In this chapter we prove the Hérmander multiplier Theorem for smooth
compact Riemannian manifolds with boundary. Given a bounded function

m(A) € L*®(R) we can define operators, m(P), by
m(P)f = 3" m(\)es(f) (31)

such operators are always bounded on L?(M). However, if one considers any
other space LP(M), it is known that some smoothness assumption on the

function m(\) are needed to ensure the boundedness of
m(P) : LP(M) — LP(M). (3.2)

When m()) is C* and, moreover, in the symbol class S i.e.,

d

|<a)am(/\)| S C@(1+|)\|)_a’ OZZO,]_,Q,"'

40



It has been known for some time that (3.2) holds for all 1 < p < oo on
compact manifolds (see [37]). Many authors studied the Hormander multi-
plier Theorem under different setting. Specifically, one assume the following
regularity assumption: suppose that m € L*(R), let L?(R)) denote the usual
Sobolev space and fix 8 € C5°((1/2,2)) satisfying °_ 5(2t) = 1, t > 0,

and suppose also that

sup ATB(/Nm))

12 = sup [|B(-)m(A)| |7z < oo, (3.3)
A>0

where real number s > n/2.

Hormander [14] first proved the Hérmander multiplier Theorem for R”
under the assumption (3.3), using the Calderén-Zygmund decomposition and
the estimates on the kernel of the multiplier. Stein [35] and Stein and Weiss
[36] studied the Hérmander multiplier Theorem for multiple Fourier series,
which can be regarded as the case for flat torus T™. Seeger and Sogge [27] and
Sogge [32] proved the boundedness of m(P) on LP(M) for compact manifolds
without boundary under the assumption (3.3), by studying a local multiplier
Theorem for multipliers supported in dyadic intervals first, and using the
estimates for the unit band spectral projection operators y, and the local
multiplier Theorem to obtain the Hormander multiplier Theorem for compact
manifolds without boundary.

Using the L>™ estimates on x,f and Vy, f and the ideas in [27], [31]- [33],
we have the following Homander multiplier Theorem for compact manifolds

with boundary:

Theorem 3.1.1 Let m € L>*(R) satisfy (3.3), then there are constants C,
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such that

[m(P) fllrany < Cpll fllrany, 1 <p < oo (3.4)

In section 3.2, we give the outline of the proof of Theorem 3.1.1 and
reduce the Theorem to show the weak-type (1,1) estimates on m(P) by the
Marcinkiewicz interpolation Theorem. In section 3.3, we prove the strong
(1,1) estimates for Remainder r(P). In section 3.4, we prove the weak-type

(1,1) estimates on the main term m(P).

3.2 Outline of Proof

In this section, we give the outline of the proof of Héormander Multiplier
Theorem. Since the complex conjugate of m satisfies the same hypotheses
(3.4), we need only to prove Theorem 3.1.1 for exponents 1 < p < 2. This
will allow us to exploit orthogonality and also reduce Theorem to show that

m(P) is weak-type (1,1),

pla s Im(P) f(2)] > a} < a7 Y[ fl|e (3-5)

Here p(FE) denotes the dx measure of E C M. Since m(P) is bounded
on L?(M), (3.5) implies Theorem 3.1.1 by the Marcinkiewicz interpolation
Theorem.

To study the weak-type (1,1) estimate of the operator m(P), we need
to relate the operator m(P) to wave equation. Since the all eigenvalues of

Dirichlet Laplacian are positive, we may assume m(t) is an even function on
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R, otherwise we need only replace m(t) by m(t), where the even function

m(t) = m(t) for t > 0. Then we have

m(P)f(e) = 5= [ (0 (e
1 .
= ) m(t) cos(tP) f(x)dt
- ;W Jo 0 e to) [ ex s )
= / /M kz eex (w)ex, () f (y)dy}dt
Here P = v/—A, and
u(t,z) = cos(tP)f / Zcos (tAk)exn, (z)ex, (v) f(y)dy

is the cosine transform of f. Thus, it is the solution of the following Dirichlet-
Cauchy problem:

(g; — Ayu(t,z) =0, u(0,z) = f(z), w(0,z) =0.
We shall use the finite propagation speed for solutions to the wave equation.
Specifically, if f is supported inside a geodesic ball B(xg, R) centered at zg
with radius R, then x — cos(tP) f vanishes outside of B(x¢,2R)if0 <t < R.
We will use this property in section 3.4 of proof to show the estimates on the
terms with cancellation property in Calderén-Zygmund decomposition of L?
function f.

The proof of the weak-type (1,1) estimates of m(P) will involve a splitting

of m(P) into two pieces: a main piece to which the Euclidean arguments can

apply, plus a remainder which can be show to satisfy much better bounds
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than what are needed by using the estimates for the unit spectral projection
operators, which is the same idea as proof of Homander multiplier Theorem
for compact manifolds without boundary in [27] and [32]. Specifically, let
p € C°(R) define as

pt)=1, forlt] <=, p(t) =0, forlt] >e. (3.6)

DN

where € > 0 is a given small constant related to the manifold, which will be

specified later. Write m(P) = m(P) + r(P), where
W(P) = (mxp)(P) = 5 [ oyt
HP) = (mx (1 p))(P) = o= [ (1~ plt))m(t)at

To estimate the main term and remainder, we define for A\ = 2/, j =
1,2,
m(7) = B(5)m(7). (3.7)

The proof of the weak-type (1,1) estimates of m(P) will follow the fol-
lowing two parts:

Part 1: Estimate on the remainder

7 (P) fllzr < C[|f]]z2-

Part 2: weak-type (1,1) estimate on the main term

pla  [m(P)f(2)] > a} < a7 |f]z

We will show these two parts in following two sections.
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3.3 Strong (1, 1) Estimates for Remainder
r(P)

In this section we will prove:

Part 1: Estimate on the remainder

| (P) fller < ClIf]]zr-

We first show
[[r(P) fll2 < Ol fllLr-

Here we follow the first part in proof of Theorem 5.3.1 in [32] to estimate the

remainder. Define

1

T or

PA(P) = (max (1= p))(P) = o= [ € (1= p(t))iina ()t

Notice that ro(P) = r(P) — X ;51 72i(P) is a bounded and rapidly decreasing
function of P. Hence ro(P) is bounded from L' to any L? space. We need

only to show
17 (P) flle < CXV28||fl|pr, A=205=1,2,---.

Using the L*° asymptotic estimate for the unit spectral projection operator

Xx on compact manifold (M, g) with boundary, see [33], we have

Ira(P) Iz < X2l (P)xefllz2
k=1

< OY sup |na(T)PL+E)H I
k=1 T€[k,k+1]
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Hence we need only to show

Z sup ’7”)\(7')|2(1+/{})n71 < C)\n72s
k=1 TEk,k+1]

Notice since my(7) = 0, for 7 ¢ [A\/2,2)], we have
ma(r) = O((L+ |t +|A)™)
m(r) = O((1+]r|+[A)~)

for any N when 7 ¢ [A\/4,4A]. Hence we need only to show

4\
sup |ra(T)P(1+ k)" < ONE
ke=A/4 TE[F:k+1]

that is

5
sup |7“)\(7')|2 < O\
k=)\/4 Te[k,k-'rl]

Using the fundamental theorem of calculus and the Cauchy-Schwartz in-

equality, we have
5

sup |ra(7)*
k=X\/4 T€lk,k+1]

C( [ Ira(r)Par + [ Ir}(r)2dr)
= ([ ()= ple) Pt + [ s ()1~ p(e)) )

Recall that p(t) = 1, for |t| < §, by a change variables shows that this is

VAN

dominated by
A1 /R (51 (/0 [2dt
= ATEIABC)mA)| 2
= A7Z[BC)m(MN )]
S C’)\l_QS

2
L3
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Here the first equality comes from a change variables, the second equality
comes from the definition of Sobolev norm of L%(M) and the third inequality
comes from our condition (3.4).

Hence we have the estimate for the remainder

7 (P) fllz2 < C[|f]|z1-

And since our manifold is compact, we have
17(P)fller < Vol(M)'2|[r(P)f]z2 < C|[f]1:-

that is, we have the strong-type (1, 1) estimate on the remainder r(P).

3.4 Weak-type (1,1) Estimates on Main Term
m(P)

In this section we will prove:

Part 2: weak-type (1, 1) estimate on the main term

iz (P f()] > a} < a” ||l

In [27] and [32], for compact manifold without boundary, the above es-
timate on m(P) could be estimated by computing its kernel explicitly via
the Hadamard parametrix and then estimating the resulting integral oper-
ator using straightforward adaptations of the arguments for the Euclidean
case. But now for manifolds with boundary, this approach does not seem to

work since the known parametrix for the wave equation do not seem strong
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enough unless one assumes that the boundary is geodesically concave. Here
we shall get around this fact by following the ideas in [33], where deals with
the Riesz means on compact manifolds with smooth boundary by using the
finite propagation speed of solutions of the Dirichlet wave equation.

Now if we argue as [27], [32] and [33], the weak-type (1,1) estimate on

m(P) would follow from that the integral operator

m(P)f(z) = ;ﬁ /R m(t)p(t)e"” f(x)dt
— o [ 02 e en(o) [ ex o) fl)due
- 217T/M{/R A ;;eZt)\ke/\k z)ex, (y)dt} f(y)dy

with the kernel

K(I’, y) - / Z eZt)\k 6)\k 6)\16 <y>dt

k>1

= 2 (mxp)(Mex(@)ex (v)

k>1

is weak-type (1,1). Now define the dyadic decomposition

Kala,y) = [ in(0p(t) 3 e, (@)en (y)dt

k>1

We have

K(ry) =S Ko (r.y) + Kole,y)

=1

where K is bounded and vanishes when dist(z, y) is larger than a fixed con-
stant. In order to estimate K (z,y), we make a second dyadic decomposition

as follows

Kne,y) = [ @B M0 X e, (t)en, ()t

k>1
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We have

Kae.) = 3 Kuley

l=—00

Define

Bu(P)f(@) = [ Knw,y)fw)dy,

we have

Ty, (P) = /R i (8) B2\ [H) p(t) et dt.

From above two dyadic decompositions, we have
m(P)f(zx) =3 > Toni(P)f(2). (3.8)
k=0l=—0c0
Note that, because of the support properties of p(t), Kx;(z,y) vanishes
if [ is larger than a fixed multiple of logA. Now we exploit the fact that the
finite propagation speed of the wave equation mentioned before implies that

the kernels of the operators T}, K; must satisfy
Ky(z,y) =0, f dist(z,y) > C(2'A™),

since cos(tP) will have a kernel that vanishes on this set when ¢ belongs to
the support of the integral defining K ,;(x,y). Hence in each of the second

sum of (3.8), there are uniform constants ¢, C’ > 0 such that
cAdist(z,y) < 28 < CA (3.9)

must be satisfied for each A\ = 2%, we will use this key observation when we

estimate each ||T);||1—z2 and sum up these estimates on T s.
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Now for T} ;(P)s, we have the following estimates:

(@). | Da(P) ey < CEY X2 Fl 11y
(b). T2 (P)gl| 2y < C(Ql)_so/\nm[)\yﬂylfg& dist (v, yo)ll|gl| 1)

where Q = support(g), Jq9(y)dy =0 and n/2 < sy < min{s,n/2 + 1}.

Now we first show estimate (a). Notice that 3(27!\|t|)p(t) = 0 when
| < 2171\~ we can use the same idea to prove estimate (a) as we prove
the estimate on the remainder r(P) in Part 1. Now we use orthogonality of

X for k € N, and the L*> estimates on xj in [33], we have

T (P)flI7: < D0 I Ta(P)xe Sl
k=1

o0

< C) sup (|Du(n)P(1+E)"IfI]L
k=1 TE€[k,k+1]

Hence we need only to show
.- 2 n—1 I\—2syn
sup |To(T)]F(14+ k)" < C(2°)7*A
k=1 TE[k,k+1]

Notice since my(7) = 0, for 7 ¢ [A\/2,2], we have
Tou(7) = O((L + |7] + [A)~T)
for any N when 7 ¢ [\/4,4)]. Then we have
sup [T (T)P(1+ k)" !

k¢ [r/4,47] TE[R:E+1]

C Y (4+k+NNA+k)!
E¢[\/4,4)]

IN

xn—l
C ————dx
e>1ag¢h/44x (T + N2V

S C(1+>\)n—2N

IN
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Since 2! < O\ from our observation (3.9) above, we need only to show
X
S osup [Tu(m)PA+ R < @)
k=)\/4 TE[k’,k"‘rl}

that is

4ax
sup |Thy(7)]2 < C(2H) 7%\
k=x/4 TE[kk+1]
Using the fundamental theorem of calculus and the Cauchy-Schwartz in-

equality, we have

4

Z sup [T (7) |2

k=\/4 T€[k,k+1]

< ([ 1T(r)Pdr + [ 173,0) )
= ([ 1B N0+ [ 052 Ne)p(0) )

Recall that 3(27'A|t])p(t) = 0 when [t| < 27171 by a change variables

shows that this is dominated by

(2)2 AL /R |51 (£ N)[2dt + (20)72+2 02 /R (51 (t /N2t
= ()7 + 222N IS )m(A) |72
= (2)7FA1+A722)]|B()m(N))|

C(2") A1+ A7%2%)

2
12

IN

S C<21>725)\

Here the first equality comes from a change variables, the second equality

comes from the definition of Sobolev norm of L%(M), the third inequality

51



comes from our condition (3.4), and the last inequality comes from the ob-

servation (3.9). Hence we proved the estimate (a),

1T0a(P) fllzzany < C2) N2 fllzany

Next we prove the estimate (b). We will use the orthogonality of {e;},en,

/M e (x)e,\j (x)dx = 0;,

and the L*° estimates on Vy; for all £ € N as in Theorem 1.1. Now for
function g € L'(M) such that Q = support(g) and [, g(y)dy = 0. For some

fixed point yg € €2, we have

1T (P)gll7

= / /KAI z,9)9(y)dy[*dz
= [ 1 [t y) = Kaue, wlg(y)dy*da

(here use the cancellation of g)

- / |/ > Tha(w)en (@) [ex, (v) — ex, (vo)]g(y)dy|*dz

- ¥/ / > AT er (@)ler, (1) — ex, (o) b () dyl*d
E>1 Aj€lk,k+1)
(here use the orthogonality)

< ¥ [ max] {Tuy)es, @ler, ) — ex, (o)}l [ lot)ldyl?

ye

k>1 Aj e[k k+1)
= |Ig||L12/| > ATaN)ex, (@)ler, (1) — e, (vo) } dx
k>1 Aj€lk,k+1)

(where the mazimum achieves at y,)

= gl X [ 10V, X ey @er, (1)1 — yo)d

k>1 >\ SEk,k+1)
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= Nl X [ 3 Tuly)en, @)(Vex, (3) 1 — o)} Pd

k>1 \j€[k,k+1)

= gl X2 > 1Dy (Ver, @) 11— wo)l*

k>1 A, €[k k+1)

lgllZ D° max AT (n)*{ - [Vex, (5)*dist(y1, 50)*}

f>1 TElkA+L) Ajelkk+1)

IN

(here use the orthogonality)

< ||9||L1[maX dist(y, yo)] Z max [Ty (7)*{ Y. [Ver,®)|*}

€[k,k+1)

>17 Aj€lk,k+1)
< C’||g||L1[maX dist(y, yo)] Z max |Th (7 (1 + k)™t
- k>1 TEk,k+1)

Now using the same computation as to the estimate (a), for some constant

so satisfying n/2 < sp < min{s,n/2 + 1}, we have

> max |Th(r)P(1+ k)" < 025 2o+,

k>1 T€lk,k+1)

Combine above two estimates, we proved the estimate (b),

1T (P)gllezon < C2) 70 N2[A Jnax dist(y, yo)lllgllzr @)

Now we use the estimates (a) and (b) to show

m(P)f(x) = | K(.y)fw)dy

is weak-type (1,1). We let f(z) = g(z) + X502, bi(z) := g(x) + b(x) be the
Calderén-Zygmund decomposition of f € L'(M) at the level a using the
same idea as Lemma 0.2.7 in [32]. Let Q) D supp(bx) be the cube associated
to by on M, and we have

lgllzr + > [1bellz < 3[If ]2

k=1
l9(2)] < 2"a almost everywhere,
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and for certain non-overlapping cubes Q,
be(x) =0 forx ¢ Qr and / bp(x)dx =0
M
> ulQxl < oY f]le
k=1
Now we show the weak-type (1,1) estimate for m(P). Since
- N a s a
{: |m(P)f(z)| > a} C {z : [m(P)g(x)] > S} U{z : [m(P)b(z)] > 7}

Notice

/ lg|*dx < 2"04/ lg|dzx.
M M

Hence we use the L? boundedness of /m(P) and Tchebyshev’s inequality to

get
pla : [m(P)g(x)] > a/2} < Ca™?[|gl[12 < C'a” ||

Let @} be the cube with the same center as ()5 but twice the side-length.

After possibly making a translation, we may assume that
Qr = {z : max|z;| < R}.
Let O* = UQj,, we have
U0 < 2% f]]pn.
and
pfa ¢ OF - [m(P)b(z)] > o2}
< 207! / i (P)b(x) | da
g O*

< 2a7! m(P)by(x)|dx
< 2073 [ P
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Hence we need only to show

/Q;¢Qz | (P)by(x)|dx
- /wm; /kK(%y)bk(y)dmdx

< 0/ by |di.
M

From the double dyadic decomposition (3.8), we show two estimates of

Ty (P)bg(z) onset O°={zx e M : z ¢ O*},

(1) || Toa(P)bellrro < CCY™27|bil| 1)

(I[) |‘T/\,Z<P)kaL1(OC) < C(2l)n/2750[>\ max dlSt<y7y0)]kuHL1(Qk)

- URTISIO

Since our observation (3.9), as was done in [33], in order to prove (1), (I1),
it suffices to show that for all geodesic balls B, , of radius Ry; = 2'A™", one

has the bounds

(I)/ ’|T)\,Z<P)bk‘HL1(OCﬂBR)\J) S C(2l)n/2_s||kaLl(Qk)

(LD 1 Ta(P)billrr©oensy, ) < C(2)F7[A max dist(y, yo)]l|bell11(qy)

Y90 E€Qk

To show (I), using the estimate (a), and Holder inequality, we get

| ‘T/\,l (P) bk" |L1({x¢0*}mBR>\,l)

IN

Vol(Ba, )"?||Th.(P)bl| 2
< O(Ql)\—1>n/2(21)—s/\n/2||bk||L1

C(2)"22 g | 2
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To show (I1)’, using the cancellation property [, br(y)dy = 0, the esti-

mate (b), and Holder inequality, we have

T (P)bor| L ({zg0v3nBe, )

IN

Vol(Br, )| Tou(P)b] |12

< CEN)R() XN max dist(y, uo)l k] |1: gy
Y,Y0EQK

= C(2Y/? o) dist(y, b
(2) [A max dist(y, yo)]llbxllz1@u
From our observation (3.9), and estimates (I), we have

> TP | (wgory

l=—00

C Y (@Yoo

2 >cAdist(z,y)
< Co(Adist(z, )™ [1be]| L)

< CAR)*||bel| L1 (@),

and from max, @, dist(y,v0) < CR, estimate (/I), and n/2 < sy <

min{s,n/2 + 1}, we have

> TPl (wgory

l=—00

C 3 (@) max dist(y, yo)lllbellriu
yvyOGQk

2!>cdist(z,y)

IN

IN

C(80 ()‘dISt (l‘, y))n/Zfso [)‘ max dist (ya yO)] ‘ |bk | ’Ll(Qk)
Y,y EQK

< Coy AR P70 b 1.

Therefore, we combine the above two estimate we conclude that

/xeécz;;

m(P)bg(x)|dx
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> D T i(P)b| 1 @gomy

<
j=0l=—00
< G D0 ARl [ 4+ Coy Do (AR [by| a
20 R>1 2/ R<1
< Cflbw]]

Hence we have the weak-type (1, 1) estimate on the main term

pla (P f(2)] > a} < a M| fl|L

Combine Case 1 and Case 2, we have the weak-type estimate of m(P)
and we finish the proof of Theorem 1.2.

Using the same argument as above, we will give a new proof of Hormander
Multiplier Theorem for any second-order self-adjoint elliptic differential op-
erator P on boundless compact manifolds, which was proved in Seeger and
Sogge [29] and Sogge [32], since we have the gradient estimates for P (The-
orem 2.3.1). In our new proof, we avoid to construct the paramatrix of
the wave kernel when we try to show the weak-type (1,1) estimates of the

multiplier m(P).

3.5 Further Study

In this section, we discuss some problems for future research. I'd like to gen-
eralize the harmonic analysis on Euclidean spaces (cf. [35], [36]) to general
Riemannian manifolds settings. More precisely, we will study the L? restric-
tion theorem, Riesz means, and general multiplier problems on Riemannian

manifolds. In [32], those problems were solved by studying the wave kernel
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using the paramatrix construction. In this chapter, we studied the multiplier
problems on manifolds with boundary. I plan to study some problems related
to the L? restriction theorem on manifolds with boundary and Bochner-Riesz
type multipliers for cones. I also like to study the multiplier problems for
domains on R"™ or compact manifolds with rough boundary, and the ellip-
tic operators with irregular coefficients. What I study here is in the C*

category.
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Chapter 4

Convergence of Eigenfunction

expansion and Riesz Means

4.1 Introduction and Results

In this chapter we study the problem on almost-everywhere convergent eigen-
function expansions and Riesz means of the Laplace-Beltrami operator A, on
a compact Riemannian manifold (M, g) with boundary. Denote the partial

sums of eigenfunction expansions as

Sn(f;x) = X_:e(f)(x)-

Let S*(f;x) denote the maximal function

S*(f;x) = sup |Sn(f;2)|.

N>1
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Let E; is the corresponding expansion of the identity to the spectrum

Ef ) = [ ety 0/ (w)dy, where ey, X) = 3 ei(a)e(y)

A <A
is the spectral function of the Laplacian.

In [17], Meaney proved some results on almost-everywhere convergent
eigenfunction expansions of the Laplace-Beltrami operator for function f €
L*(M), where L?(M) is the Sobolev space of order s > 0, on a compact
boundless manifold. Here we have the following result on almost-everywhere
convergent eigenfunction expansions on a compact manifold M with smooth

boundary.
Theorem 4.1.1 For s >0, if f € L?(M), we have
A}im Sn(f;x) = f(z), almost everywhere on M.

And for the mazximal function S*(f;x), we have

1S* ()]

2oy < | £

L2(M)>

for some constant C.

For each s > 0, we introduce an important class of special multiplier,

Riesz means

S = [ (= 1) dE S @), (4.1)

of the spectral expansion. Stein and Weiss [36] studied the Riesz means for

multiple Fourier series, which can be regarded as the case for flat torus 7.
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Sogge [31] and Christ and Sogge [5] proved the sharp results for manifolds
without boundary, which the Riesz means (4.1) are uniformly bounded on
all LP(M) spaces, provided that § > %47 but no such result can hold when
o< ”7_1 Recently, Sogge [33] proved the same results on Riesz means of the
spectral expansion for Dirichlet Laplacian on manifolds with boundary.

In [2], Alimov studied conditions for the convergence and Riesz summa-
bility of spectral expansions of piecewise smooth functions for self-adjoint el-
liptic operators on the compact subdomain of a n-dimensional domain. Here
we say that a function f(z) on M is piecewise smooth if it is uniformly con-
tinuous in M, and has uniformly derivatives in M up to order [ > 0. In [23]
and [24], Pinsky, Stanton and Trapa obtained some necessary and sufficient
conditions for the convergence of Fourier inversion and spectral expansion
of the Laplace operator of a rotationally invariant Riemannian manifold by
using the asymptotic properties of corresponding special functions. And in
[25], Pinsky and Taylor use a wave equation approach to study point-wise
Fourier inversion and point-wise convergence or divergence of spectral ex-
pansion of Laplace operator of Riemannian manifolds with some symmetry,
including spheres, hyperbolic spaces and other compact and noncompact
rank-one symmetric space, and on strongly scattering manifolds.

Now for general compact Riemannian manifolds, one can’t use the asymp-
totic properties of special functions to study the asymptotic behavior of spec-
tral functions any more. Here we use the L™ estimates on y, and a L? es-
timates on the normal derivative of eigenfunctions on the boundary, instead

of the asymptotic properties of special functions, to study the asymptotic
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behavior of spectral functions, and we obtain the following results,

Theorem 4.1.2 Let f be a piecewise smooth function on a manifold M with
boundary, dim M = n, we have

(1). n =2, on each compact subset of the smoothness domain of f, the
spectral expansion is uniformly bounded and the Riesz means S5 f(x) of any
positive order s > 0 uniformly converge to f.

(2). m > 2, on each compact subset of the smoothness domain of f, the

Riesz means S5 f(x) of any positive order s > (n — 1)/2 uniformly converge
to f.

Remark 4.1.1 For n > 2, there are some simple examples, such as the
characteristic function of unit ball xp in R", see [23], show that the spectral
expansion of a piecewise smooth function may diverge even at points far from

the discontinuity surface, and, if n > 3, the divergence will be unbounded.

Now applying the uniformly bounds for Riesz means on LP(M) in [33]
and a density argument, from Theorem 4.1.2, we have the following almost

everywhere convergence results for Riesz means on LP(M).

Theorem 4.1.3 Fix a smooth compact Riemannian manifold with boundary
of dimension n > 2, for any s > (n—1)/2, let f € LP(M), 1 < p < o0, we

have
/\lim Syf(z) = f(x), almost everywhere for x € M.
And for any s > (n—1)/2, let f € LP(M), 1 < p < 0o, we have

)\lim Sy f(z) = f(z), in measure for x € M.
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4.2 Pointwise Convergence of Sy on L?(M)

In this section we study the problem on almost-everywhere convergence of
eigenfunction expansions on L2(M) of both Dirichlet Laplacian and Neumann
Laplacian on a compact Riemannian manifold (M, g) with boundary. In order

to prove Theorem 4.1.1, we need the following Lemmas.

Lemma 4.2.1 (Rademacher-Menchoff Theorem) Let (2, 1) be a posi-
tive measure space and let {¢,}°5°, be an orthonormal basis in L*(2, ). The

series Yoo o Cn®n () is convergent almost everywhere on 2 provided
> n=0%|c,[*(logn)* < cc.
This Theorem can be found in [1] (see (2.3.2) in [1]).

Lemma 4.2.2 There is a constant K > 0, such that

IS (DZ2an) < K D2 (P2 (log(n + 2))%.

n=1
This result is proved in Chapter II in [18].
Proof of Theorem 4.1.1. Fix f € L?(M) with s > 0. Let ¢, =

\[XnfllL2(ar), for n > 0, set

On(w) = ¢ xnf(2), @€ M,
provided ¢, # 0. Otherwise let ¢,, be an arbitrary element in

H,, = span{ex(z) : A € [n,n+ 1)}, with |[¢n]|r2(ar) = 1.
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Then we have

i A (@) = i bu()

From Lemma 4.2.1, to prove the almost everywhere convergence for the

spectral expansion of f on M, we need only to show that

[e.9]

Z |cj|2(1ogj)2 < 00

=2

Since f € L%(M), we have

1117200 = 2o+ A2 F 2 ~ D (1 + 022 [xn f| 7200y < 00,
j=1 n=1

Now we have

f; e Pogd)? = 3 leP(1+ ) [(log (1 + )~/

=2
o0
< O o)A+ 5% < o0
j=2
Hence we have the almost everywhere convergence for the spectral expansion

of f on M.

From Lemma 4.2.2, we have

S (N Zen < KZHXJ W22 (log(j + 2))?
< KZHX; MZ2an (L +4%)72[(1 + %) (log(j + 2))?]

< CZHXJ WEean (1 +5%)°77
= CstHLg(M)

Here Cy, = Ksup;[(1 + j*)~/?(log(j + 2))?] < oo. We show the second
assertion of Theorem 4.1.1.

Q.E.D.
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4.3 Convergent Results of Riesz Means

In this section, we shall prove Theorem 4.1.2. For each 7 > 0, we introduce

the kernel

Gr(x,y) :/0 A Tdye(w,y, A)

of fractional order. In this notation, we can see G (x,y) is the Green function
of the Laplacian for the eigenvalue problem. And for any smooth function

defined on M, we have the following equality

[ 0G ) )dsts) = SN [[@ulesto) o, (42)

where o is the area element on surface OM, and v is the outward normal
direction on the boundary. In [12], the authors have the following results:

for the inequality
cAj < ||8V€j||%2(8M) < O,

the upper bound holds for some constant C' independent of \;, and the
lower bound holds provided that M can be embedded in the interior of a
compact manifold with boundary, N, of the same dimension, such that every
geodesic in M eventually meets the boundary of N. In particular, the lower
boundary holds if M is a sub-domain of Euclidean space. Here we use the

idea of proving the upper bounds in [12], we obtain the following estimates:

Lemma 4.3.1 For any smooth function f on M, the estimates

@ X 1] aemiwmdef < O,
VAERA+D)
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B S N[ W@l < 20+ Dol
VAENAHD)
#20r (A e qany

hold both as A — 0.

Proof. For estimate (a), we use the upper bound for ||0,¢;||r2on) in

[12], and by the Cauchy-Schwarz inequality, we have

S i) ol
VA ENA+T)
N2 2
S [ @) [ f)do
VA ERAFD)
< Nfllizean Do l0vesllT2mn
VA ERAHD)

< OXN""M|fl1Z200nn)

IN

For the last inequality we use the Weyl formula
1 0 N €A+ =N oA,
For estimate (b), by the Green’s formula, we have

Oe)f s = [ Aej(y)- Fw)dy— [ ei(y) - Af()dy
= A /M ej(y) - fy)dy — /M ¢j(y) - (Af(y))dy.

oM

Notice that [y, e;(y) - f(y)dy is the Fourier coefficient of f with respect to

the spectral decomposition, then we have

Yoo I e fy)dol
VA ERAFD) /‘W ’
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IN

, v
VAFENA+T)
< 200+ DDz oan + 21D AP Z201)5

e,(w) - FW)dy) + (] e,(w) - (Af(w))dy)?

Q.E.D.

Applying the L™ estimates on x, in [33], we have the following Lemma:

Lemma 4.3.2 For any given smooth function f on M, the estimates

@ ¥ le@ [ e f@dsw)l < Ofllee
VAFENA+T)

®) X le@ [ dem)fwds)
VATENA+T)

n+3

CA 2 |[xafll 2

IN

+ ONT (A2
hold both as A — oo.
Proof. From [33], we have estimates

Yoo () £ oA
VA ERA+T)

then by the Cauchy-Schwarz inequality, we get the results from Lemma 2.1.
Q.E.D.

Lemma 4.3.3 Let 7 > 0, then for any smooth function f and any constant

h € (0,1), the estimates

(@) > I)\j_?Tej(x)/aMa,,ej(y)f(y)do] < OXN||f1|r2 om0
VAENA+)
n+3

B > NTe) [ dem)fwdol < OF T fl
VA ERA+T)
+ CA7 (A

67



hold both as A\ — oo.

Proof of Theorem 4.1.2 Given a piecewise smooth function f on M.
Let us fix an arbitrary compact set K C M — OM and consider a smooth
function f.(x) with compact support in M such that in some neighborhood

U of the compact subset K, we have

fo(x) = /a 0,6 (w.y) (), weU.

From (4.2), the right hand side has the spectral expansion

f ) Sl = X7, @) [ s o, (49

Consider the function

¢-(\) = ¢-(\x) = > ATej(@) | Duej(y)f(y)do — Exfr().

v\ oM

We can see that the Fourier-Stieltjes transform

() = [ e g, (1)

is bounded in a neighborhood of zero and vanishes at ¢ = 0 together with all
its derivatives of even order.

Lemma 4.3.3 implies that if z € K, we have

(@) 16-((t +h)*) — & ()] < CE (| fll120nr), ast — oo,

(®) 1o-((t+ 1)) = o-(¢%)] < C(t+ 1) = | xafllp2any

n—1
+C(t + 1)T’QT|]Xt(Af)HL2(M), ast — oo,
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for any h € [0,1]. According to the Tauberian Theorem of Hérmander

(Lemma 17.5.6 in [15]), for Riesz means, we have the following estimates

A t
(@) | [ (0= 2dond)] < O || flliaony, ast — o,

A t s nt3_or_s
®) | [ (1= don®)] < ONF 2B fllaqy

FONT 7| E(AS)| | 2an), a5 A — 00,

for all s > 0.

Now we set 7 = 1, since G;(x,y) is the Green’s function of the Laplacian
for the eigenvalue problem, we have fi(x) = f(x) for all x € U. The left
term in the last inequalities (a) and (b) is the error term for the spectral
expansion F f(x) and the Riesz means S5 f(z) to the f(x).

For n = 2, the estimate (a) is better than the estimate (b), and implies
the assertion (1) of Theorem 4.1.2.

For n > 2, the estimate (b) is better than the estimates (a), and implies
the assertion (2) of Theorem 4.1.2, here we need use the properties, for

fe Li_l_QS(M), which ensures Af € Li_5_25(M),

)\”_1_25||EAf||%2(M) — 0, as\A—

)\”_5_2$]|E,\(Af)||iz(M) — 0, as\— oo.

It follows from when f € L2_;_, (M), one has

||f||%”*1*25(M) = kz kn_l_QsHkaH%?(M) < 0.
=1
The same reason for Af € L2 . , (M). Q.E.D.
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For Theorem 4.1.3, we know that for smooth functions we have the almost
everywhere convergence on M from Theorem 4.1.2. Notice C*°(M) dense
on LP(M) for any 1 < p < oo, approximated any f € LP(M) by smooth
functions {fx}, using the uniform bound results of Riesz means on LP(M)
in [33], we have convergence for Riesz means S5 f(z) for any f € LP(M) in
measure. When we further assume that f € L2 | , (M), we can let smooth
functions {fy} approximate f in L? | , (M), the from proof Theorem 1.1,
we know that for all fi, the Riesz means S5 fi(z) uniformly converge to fi(x)
as A — 00, in any compact subset of M — dM for all £ € N, which ensures

the almost everywhere convergence for S5 f(x) to f(x) in M.

4.4 Further Study

In this section, we discuss some problems for future research. I'd like to
study the degenerate Fourier integral operators (FIOs), Gibbs’ phenomenon,
Pinsky’s phenomenon and the decay rates for Fourier inversion on domains
on R™ and spectral expansions on Riemannian manifolds. For degenerate
FIOs, there are many studies already (cf. [9], [21], [22], and [35]). T'd like
to find the decay estimates for FIOs with C* degenerate phase functions
and study the generalized Radon transforms and Hilbert transforms. In [23],
[25] and [38], Gibbs’ phenomenon and Pinsky’s phenomenon were studied
for Fourier inversions and spectral expansions on some special manifolds.
I’d like to study Gibbs’ phenomenon and Pinsky’s phenomenon for general

Riemannian manifolds.
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